4 More Fun with Matrices

4.1 Systems of Equations and Matrices

In the previous chapter, we introduced the concept of a matrix and explained
the connections they enjoy with linear transformations. Many texts actually
begin with matrices because they are a rich and convenient computational tool,
especially useful for solving systems of equations. You’ll note that many of the
questions we asked previously boiled down to solving a system of equations.
It shouldn’t be a surprise then to learn that we can revisit topics, such as linear
independence and coordinate vectors, using matrices. In this chapter, we will
do all this. .. and more.

Systems of Equations Algebraically

As mentioned above, matrices are an important tool for solving systems of
equations. Let’s start there.

Consider this situation. A new dorm is being built on campus and the rooms
come in two types. The first type is a “pod” which holds 6 students, and the
second type is a standard room that holds 2 students. The university would
like the dorm to hold 952 students in a total of 200 rooms." We can set up
a system of equations to represent this scenario and determine how many of
each rooms should be included in the new dorm.

Let x represent the number of pods and y represent the number of standard
rooms. Then we have

6x +2y =952 and z+y = 200.

There are multiple ways you learned in previous algebra courses to solve this
system of equations. You could graph these lines and see where they inter-
sect.” You could solve one equation for - and then substitute the result into
the other. Then there’s elimination. We’re going to use something pretty close
to elimination to solve this by manipulating our system using two operations.
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1: We’re not sure why these spe-
cific numbers, but we know not to ques-

tion such decisions.

2: & Do not do this. This is the worst
way to solve this problem!
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» We can replace either equation in the system by a scalar multiple of
that equation.

» We can replace either equation in the system by the addition of that
equation and a scalar multiple of the other equation.

Let’s begin.

4.1) 6x + 2y = 952

4.2) x4y =200

We replace Equation 4.1 with Equation 4.1 scaled by 1/2.

(4.3) 3z +y = 476

44 z+y =200

We replace Equation 4.3 with Equation 4.3 plus Equation 4.4 scaled by (—1).
4.5) 2z =276

(4.6) x+ 1y =200

We scale Equation 4.5 by 1/2.

4.7) T =138

(4.8) z+y =200

We replace Equation 4.8 by Equation 4.8 plus Equation 4.7 scaled by (—1).
(4.9) x =138

(4.10) y =62

Solved! We need 138 pods and 62 standard rooms. Ready for some good
news? We can use matrices as a shorthand for those operations. We’ll use
a matrix for the coefficients on the left hand side of our linear equations, a
vertical bar to separate the left hand side from the right hand side, and a column
for the constants on the right hand side. For example, given a system of m
equations in n variables, such as

anry + aprs A+ -+ AT, = b
2121 + axnrz + - 4+ agT, = b

b
Am1T1  + amars + o+ Ay = bm

we can form the matrix

a1 ai2 - Qln b1
a21 a2 -+ Q2pn bo
am1 Am?2 o Omn bm

This matrix is called an augmented matrix, and there’s definitely more to
it than we’re presenting here. For now, though, it certainly provides a more
convenient notational convention. You’re welcome.” 3: @ Hey! I’ll handle the snarkiness

, . . around here!
Here’s the previous example as an augmented matrix and the sequence of op-

erations we did to it.

6 21952 3 1476 2 0276
1 11200 1 11200 1 11200
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138 }

10138_}10
1 11200 0 1] 62

That’s so much less to write! Matrices might be another way to solve systems
of equations that is worth further exploration, right?*

Exploration 103 Let’s translate the rules we followed to solve the system of
equations into the language of matrices.

» Any row may be replaced by a scalar multiple of itself.

» Any row may be replaced by the sum of that row and a scalar multiple
of another row.

Suppose the total number of rooms in the above example were changed to 240.
Solve this new system using the matrix notation.

Our primary concern in this section will be identifying solutions for systems
of equations, so we should probably define solution formally.

Definition 4.1.1 A solution for a system of linear equations

a1r1 + a2 + -0+ awr, = b
a1y + axprs + -+ azT, = b
Am1%1 + Gm2T2 + o0+ AppTn = bm
is an n-tuple (1, . .., ,) that makes all the linear equations in the system

true.

System Representations

The matrix notation we used at the beginning of the section was sold as a
notational convenience, but it’s actually a lot more natural than it may seem.
Given a system of m equations in n variables,

a1 + a2 + - 4+ aT, = b

a21x1 + axr: + - 4+ agT, = by
@.11)

Am1T1 + Am2T2 + 0+ ApaTn, = bm;

we could use the definition of the product of a scalar and a vector to write this
as the vector equation

(4.12) 2181 + Dol + -+ + Tndn = b,

2
4: You know what that means. . .
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where for 1 < j <n,

aij b1
., az; - bo
a; = . and b=

Qmj b’rn

Using the definition of the product of a matrix and a vector, we find that the
vector equation (4.12) is equivalent to

[d1 do -+ Gp] T =b,
where
x1
T2
xr =
Ln
This is a matrix equation
(4.13) AZ = b,
where
ail Q2 - Qi
oo R a21 a2z -+ A2n
A= [d; da dp) =
aml Am2 ' (Amn

is called the coefficient matrix. We summarize this in the following theorem.

Theorem 4.1.1 Using the matrix and vectors

ai1 a2 - Gip Z1 by

az a2 --- G2p . T2 - ba
A= . . ; , = | . |,and b= . 9

Am1 Am2 toe Amn - Tn bm

the following are all equivalent representations
(a) System of equations:

a11z1 + aipxs + - 4+ apx, = b
2121 + agxrz + - 4+ aT, = by
Am1T1  + amaTs + 0+ Apn®y = bm;

(b) Vector equation:
T1d1 + Xodo + - - + 2,0, = b,

(c) Matrix equation:

AZ = b,
(d) Augmented matrix:
ain G2 - Qip | b
a1 G2 - Q2p | b2

aml1 Am2 - OGmn bm
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This theorem gives us the flexibility to view a system of equations in four
different contexts.

Exploration 104 Consider the system below.

6171 + 2:172 — X3 = 111
T + Tre — 23 = 56
75171 + 22 + 4173 =12

Write it as a vector equation, matrix equation, and an augmented matrix. When
you’re done, do it again, but make it really, really small.

Gauss-Jordan Elimination

The goal here is to change our system of equations without altering the solu-
tion(s) to make it easier to identify the solution(s). Thinking back to the exam-
ple at the beginning of this section (or other methods you’ve used to solve sys-
tems), this is precisely what one typically does. The strategy we are about to
show you is called Gauss-Jordan elimination, named for Carl Friedrich Gauss
and Wilhelm Jordan, despite the fact that Gauss apparently had nothing to do
with it. First, we’ll outline the operations we can do in this elimination proce-
dure.” Next, we’ll formalize a goal for the procedure so that we know when
we can stop. Lastly, we’ll see the procedure described as an algorithm. Got all
that? Good. Let’s get started.

Operations: Three Things You Can Do

What are things you can do to a system that don’t change the solution for the
system? Some things are so simple, they’re not obvious. We could change the
order of our equations; that certainly wouldn’t alter any of the solutions for any
of the equations, so the system solution would remain unchanged as well. We
could also multiply both sides of an equation by a nonzero scalar; again, the
solution set for that equation wouldn’t change, so the system solution remains
unchanged.

We keep “doing stuff” to equations; let’s get a little more specific. Let V' be
the set of all linear equations in n variables with real coefficients. That is,

4.14) 'V ={a1z1 +asza+ -+ apz, =b: a;,b € Rforl <i<n}.

5: ‘ﬂ Two of these already made an
appearance in that opening example.



GAUSS-JORDAN ELIMINATION 237

For any nonzero scalar o and any equation v € V, define the nonzero scalar
multiple of v by « as the equation one gets by multiplying both sides of v by
a. Forany v, u € V, define the sum of the equations v and u to be the equation
one gets by equating the sum of the left sides of v and u to the sum of the right
sides of v and . °

There is a third, less obvious, thing one could do to a system without changing
the solution. Let’s pile it onto the other two and call it a theorem.’

Theorem 4.1.2 The following three operations on a system of m equations
in n variables do not change the system’s solution:
(a) interchanging the position of any two equations in the system;
(b) multiplying an equation by a nonzero scalar; and
(c) replacing the ith equation with the sum of the ith equation and any
nonzero scalar multiple of any of the other equations.

PROOF. We’ve already covered both a and b. To prove c, the following obser-
vation will simplify things: we could write any equation a;x1 + asx2 + -+ - +
anx, = bas

a-T=obo,
where
a1 Z1
as Z2
a= and T =
(075 Tn

Suppose we have two equations from a system in this notation:

(4.15) a-i = b
(4.16) g7 = d

Suppose Z is a solution to both of these equations. Then for any nonzero scalar

cC-T+ab = d+ab
d+ ab
d+ ab

since ¢- ¥ =d,

since @ - & = b, and

by distributive properties of inner product.
Thus, 7 is also a solution to the sum of equations (4.15) and (4.16). Now
suppose T is a solution to the system

4.17) a-rt = b

(4.18) ab+d.

(C+ad) - T
Then for any nonzero scalar o,

(C+ad)-Z—ab = d byEquation (4.18),
(C+ad) Z—a@- @) = d

- =

c-xr =

since @ - ¥ = b, and

d by distributive properties of inner product.

Thus, Z is also a solution to ¢+ & = d. Since Z is a solution to (¢ + ad) - ¥ =
d + «b if and only if it is a solution to both @ - ¥ = b and ¢ - & = d, we have

6: @ These operations should remind
you of something if you have not forgot-
ten everything we talked about in Sec-
tion 1.1.

‘6 Or if you haven’t skipped ahead to
Chapter 4 because matrices are your fa-
vorite topic. ..

{ES What!? That’s not allowed!

‘é Actually, it is...There’s a note in
the introduction and everything.

7:@

Jordan elimination fans on the internet

You may note that Gauss-

often neglect proving this all-important
fact.

ﬁ No!

{@ It’s true.
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that the following systems have the same set of solutions:

b

b - -
= d+ab

d (€+ ad) -

[SYRRSTE
STRRSI]
8 8

d

Corollary 4.1.3 One may apply any number of the operations in Theorem
4.1.2 in any order to a system of equations without changing the set of solu-
tions for that system.

Since a system of equations can also be represented as an augmented matrix,
we can do the analogous operations to a matrix.

Definition 4.1.2 Let A € M,,,xn. The following manipulations of A are
called row operations:

(a) interchanging any two rows in A;

(b) multiplying any row by a nonzero scalar; and

(c) replacing the ith row with the sum of the ith row and any nonzero

scalar multiple of any of the other rows.

Any matrix resulting from any row operation on A is called row equivalent
to A°

Corollary 4.1.4 Let [A|l;] be the augmented matrix for a given system of m

equations in n variables. Row operations on [A|b] do not change the set of
solutions for the associated system.

PROOF. This follows immediately from Theorem 4.1.2 and Theorem 4.1.1.
O

Corollary 4.1.4 and augmented matrices are the primary means by which sys-
tems of equations are solved in most linear algebra courses, so we should prob-
ably work on that a bit. Keep in mind, though, that Theorem 4.1.1 provides
multiple ways to represent a system of equations, so there may be situations
where other methods are preferred.

For organizational purposes, we need to pick a notational convention for row
operations. Here’s one:
’Fi (—)’Fj
(a) A ————— B means interchanging row i and row j in A results
in the matrix B;
aFi *)7_“1 . . . .
(b) A ——— B means multiplying row ¢ by a # 0 results in the
matrix B; and
at+7; =7
(¢c) A ———— B means replacing the jth row with the sum of the
jthrow and a # 0 times the ith row results in the matrix B.

This gives us a way to keep track of our operations, but most of us omit these
once we’ve mastered row reduction.’

8: @ “Row equivalent” is really
nothing like “equivalent.” Maybe there
should be another word.

f,@ What about “row similar”?

@ Noooo! Don’t say that. “Similar”
will mean something better than "row
equivalent” in the next chapter, and
now you've confused everyone!

{E It’ll be fine. You’re assuming
they’re reading these remarks. I'm sure
no one saw that one. .. Also, who picks
these words anyway?

9: ﬂ You’ll likely find yourself do-
ing the steps of row reduction “in your
head” sooner than you’d expect. At that
point, though, you should use this nota-
tion to punish yourself when you make

an error.
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Example 4.1.1 Solve the system

T1+2x9 +3x3 = 4
5x1 +6x2 + 723 = 8
10z9 + 11z = 12.
By Theorem 4.1.1, this system is equivalent to the augmented matrix
1 2 3| 47
5 6 7| 8
0 10 11|12 |
1 2 3| 4 I 1 2 3 4
5 6 7| 8 _ 0 —4 -8|-12
0 10 11|12 L 0 10 11 12
—1/47 7 12 3| 4
—_ o 1 2| 3
L 0 10 11|12
—1072+73—73 L2 3 4
_ 0 1 2 3
L0 0 -9 —18
71/97_“34)7?3 [ 1 2 3 4
_ 01 2|3

o
(e}

112

We could be done here; we see from the last row of the last matrix that
x3 = 2, and we could substitute this into the other two equations to find
x1 and zo as well. Alternatively, we can just keep cooking with the row
reduction.

1 2 3|4 R, 1 2 3 4
—273 472 —T2
01 2|3 _ 01 0f-1
0 0 1|2 L0 0 1 2 |
—3r3+71—71 1 2 O 72
_ 01 0]-—-1
L0 0 1 2 |
— 275 +71 — 71 1 O 0 0
e 01 0f-1
L0 0 1 2 |
Well, that’s easy to read. We have 1 = 0, xo = —1, and x3 = 2, which is

the unique solution to the original system.

Target Format: Reduced Row-Echelon Form

Note that Corollary 4.1.3 implies that one has a lot of options when applying
row operations to an augmented matrix. This can be a bit overwhelming. It
is entirely possible to apply one thousand row operations (correctly) to an
augmented matrix only to get the augmented matrix you started with. This
can be a bit frustrating. We should avoid feeling overwhelmed and frustrated.
It will help us to have a target in mind for our row operations.
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Definition 4.1.3 Let A € M, «n. We say the matrix A is in row-echelon
form if
» the first nonzero number from the left, also called the pivot, of any
nonzero row is always strictly to the right of the pivot of the row
above, and
» any row with nonzero entries is above any row of all zeros.
We say A is in reduced row-echelon form if
» it is in row-echelon form,
» cevery pivotisa l, and
» every pivot is the only nonzero entry in its column.

This probably seems like a really weird definition; it definitely reads more like
a tax form than most definitions. Nevertheless, it will have its uses. Let us
explore the echelon-iness of some matrices. '’

Example 4.1.2 Here are some matrices. Let’s determine whether they are
in row-echelon form, reduced row-echelon form, or neither.

0 2 4 1
> 1 1 11
1 01 1

This matrix is in neither form. In fact, it does not appear to be row
reduced whatsoever.

(4 2 4 8 1 3 0 1 10 0 1
» | 0 10 5 5|, 0 2 3 , | 0 0 1 514,

L0 0 0 O 0 0 -2 2 00 0O

1 0 0 O 13 00

001 0,0 0 1O

0 0 0 1 0 0 0 1

These matrices are all in row-echelon form. The pivots have been
colored red.'!

1 00 1 1 0 1 1 00 1
» |0 105(,]0105]|,]0o0 1 5],
000 o0] [0010] 0000
10 0 071 30 0]
001 0/[,]00 10
000 1] L0000 1|

These matrices are all in reduced row-echelon form. Almost all the
pivots have been colored red; one rogue pivot'” has been colored
blue for no good reason at all.

Exploration 105 The matrices in each bullet list below are row reductions of
the same matrix. Circle the row-echelon form matrices. Put a square around
the matrix in reduced row-echelon form. Highlight your favorite column vec-
tor with a pink sparkle pen.

02 41 1 0 0 3/4 1 1 11
» |11 11].]0o1o0o o |.|]0o 2 4 1],
1011 00 1 1/4 0 -1 0 0

10: @ ‘What does “echelon” mean?

[‘ES Model name of a Ford sedan from
the 1970°s?

No.
I think there’s a sci-fi series-
No.

Michael Jordan’s middle name?

(& W S Te)

No! I’'m quite sure it’s not a proper
noun!

11: & Do I have to pronounce the t
in “pivot”?

@ Yes. Can I pronounce it with a
long i?

[‘@ Sure. What could go wrong?

12: & Rogue Pivot! Dibs on band
name!

@ Only with a long i and a silent t.

‘E I hate to admit it, but that is a solid
name.
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1 1 11 111 1
1 00/|.]0 10 o0
Lo 0 4 1] oo 1 1/4
(1 -2 0 171 -2 0 1 10 1 1
» |2 0 2 2], 2 1 0/[,]0 1 1/2 0
L1 0 1 1] [0 0 00 00 0 0

Now, consider if these had been augmented matrices with the bar before the
final column missing. Which form is the easiest to use when determining the
solution of your system of linear equations?

Indeed, reduced row-echelon form is the form in which it is arguably'* easiest
to find the solution(s) to the associated system, and there are other benefits we
shall uncover later.

Now that we’ve talked about reduced row-echelon form and implied that this
is the target format from the subsection title, you might be wondering whether
this target is actually always achievable. Well, it is. Here’s a theorem that says
$0, so it must be true.'*

Theorem 4.1.5 Suppose A € M, «xn. Then there exists a unique matrix
B € M, «xn in reduced row-echelon form that can be obtained from A by
performing row operations.

The proof of this statement relies on the technique of mathematical induction
and Gauss-Jordan Elimination, so we will leave it to the Appendix.'” Note
here that it is reduced row-echelon form that is unique. In fact, scaling any
row in a row-echelon form matrix produces a different row-echelon matrix
associated to the same system of equations. Perhaps you are wondering why
we even bother defining row-echelon form then? Well, the columns which
contain pivots can be identified once the matrix is placed in row-echelon form,
and there are some situations where the only information needed to answer a
question is this. We’ll see examples of these types of questions in the next two
sections in particular. For now, though, it really will be reduced row-echelon
form that is our target.

Procedure for Gauss-Jordan Elimination

We mentioned Gauss-Jordan elimination before, but never precisely defined
it. That’s because we needed a bit of terminology. Gauss-Jordan elimina-
tion is an algorithm that uses only the row operations to put any matrix into
reduced row-echelon form. Thus, by Corollary 4.1.4, the resulting reduced
row-echelon matrix has the same solution as the original matrix. It is defi-
nitely a thing you (or a computer!) could do. Here are the steps:

(1) Move any row of all zeros to the bottom of the matrix.

13: @ I will fight you.

14: @ This is a classic example of
“proof by intimidation.” The idea here is
that if you argue something with strong
enough language, even without sound
logic, the reader might believe it.

15: @ Oh, good. I was worried we
were just going to declare it as fact with-
out proof.
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(2) Start at the leftmost column that has a nonzero entry in a row not
already containing a reduced pivot. Designate an entry in this column
to be a pivot and scale that row so that the pivot is a 1.

(3) Move the row of the pivot you are currently working with to be the
highest row without a pivot already in reduced position.

(4) Use this pivot to produce zeros in every entry below it in the same
column (by adding appropriate multiples of the pivot’s row to the
rows below).

(5) Repeat Steps 1-4.

(6) Continue this process until there are no more columns satisfying Step
2.

(7) Now begin at the bottom nonzero row and use the pivot to produce
zeros (as in Step 3) in every entry above it in the same column.

(8) Move up one row and repeat Step 7.

(9) Repeat Step 8 until there are no more rows.

Example 4.1.3 Example 4.1.1 was this exact procedure. Go look at it again.
Did you look? Seriously, you have to go look at it.

Example 4.1.4 Fine. We’ll do another one. Let

0 0 0 0 0
- 2 4 6 -1 6
0 0 O 1 0
1 1 1 1 -1

(a) Move any row of all zeros at the bottom of the matrix. Alright::

111 1 -1

R 2 4 6 -1 6
A—m——m—

0 0 O 1 0

0 0 O 0 0

(b) Start at the leftmost column that has a nonzero entry in a row not
already containing a reduced pivot and designate a pivot. Scale
this pivot’s row so that the pivot is 1 (by multiplying the row by
the appropriate nonzero scalar). Already done! Take that, Gauss!
You’re not the boss of me!

(c) Move the row of the pivot to be the highest row without a pivot
already in reduced position. Hmmm... That seems to already be
done as well. We are rocking this!

(d) Use this pivot to produce zeros in every entry below it in the same
column (by adding appropriate multiples of the pivot’s row to the
rows below). So ordered:

1 1 1 1 -1 1 1 1 1 -1
2 4 6 -1 6 2P+ T2 72 0 2 4 -3 8
0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0



PROCEDURE FOR GAUSS-JORDAN ELIMINATION

(e) Repeat steps 1—4. Ugh, that’s a lot to ask.
-1

e e e =

1 1
0 2
0 0
0 0

1

4
0
0

1
-3
1
0

8
0
0

1/2772 —)‘FQ

1

o O
S O = =

Well, I guess that wasn’t so bad.
(f) Continue this process until there are no more columns satisfying
Step 2. Hey, all those zeros and ones were pretty convenient!
(g) Now begin at the bottom nonzero row and use the pivot to produce
zeros (as in step 4) in every entry above it in the same column.

-1

1

1
0
0

1
2
0
0

1

~3/2

1
0

4
0
0

(h) Move up one row and repeat step 6.
-1

1

e e e

1 10
1 2 0
0 0 1
0 00
Victory!

4
0
0

M1

3/2’?3-‘1—’?2—)’F2 0

0

L 0

M1

—T3+71—7T1 0

0

L 0

1 0

—To+71 —7 0 1
-

0 0

0 0

S O N =

1

O O R = O O

1

O O NN = O O N

S O N

e = o e e = o =

o = O O

-1
4
0
0 ]

-1
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S O =~

S O =

(i) Repeat step 8 until there are no more columns satisfying Step 2.
Thanks for the advice, but we already declared victory.

Exploration 106 Let’s play a bit of fill in the blanks. We’ll row reduce a
matrix using Gauss-Jordan Elimination, but leave out the names of the row

operations

2

N O W

4

N O

. You fill in the operation that was done at each step. Ready? Go!

0

N O W

P

o O o

O = O N

P

o NN O =

SO N O N

- =

SO NN W o

oS O O =

4 0

6 3

2 2

0 0
1 2

. 0 0
0 -2
0 0

2 0

1 -1

0 3

0 0

I

S O = N

2

O NN W

o~ OO0 © oo+

SN W o

O O O =

P

S O = O

1

S N W

2

SN W o

6
2
0

P

o = O O

oS O O

S O =N
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Section Highlights

» A system of equations can be represented equivalently as a vector
equation, a matrix equation, or an augmented matrix. See Theorem
4.1.1.

» There are three types of row operations that can be done to a matrix
as part of Gauss-Jordan Elimination:

— Rows can be scaled by any nonzero real number.

— Rows can be swapped.

— Any row can be replaced by a linear combination of other rows.
See Definition 4.1.2.

» Gauss-Jordan Elimination is a process that uses row operations to
transform a matrix into reduced row-echelon form. See Definition
4.1.3 and Example 4.1.4.

» If row operations from Gauss-Jordan Elimination are used on an aug-
mented matrix, then the system of equations corresponding to the
resulting matrix has the same set of solutions as the system corre-
sponding to the original augmented matrix. This gives a convenient
way to solve a system of equations since reduced row-echelon form
makes the solution easier to identify. See Corollary 4.1.4 and Exam-
ple 4.1.1.
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Exercises for Section 4.1

4.1.1.Write the system as a vector equation, a matrix equation, and an augmented matrix.

r1+3x2 = 5 T1+To—3 = D
(a) 3r1 = ) 3zr1+2x3+z5 = 2
T —Ty = 1 To—x3+x4 = 1

Ty +T2o—T3 = 5 T1+To—23—2T4 = 1
(b) 3x1 + x3 2 (d) 3x1+x3+w4 =
o — T3 = 0 Ty — T3 =

4.1.2.Determine whether the matrices below are in row-echelon form, reduced row-echelon form, or neither.

(a)‘1o 1 0 1 07
[0 3 (d) 1 2
] L0 0 0 1 |
1 0 1

(b)_012] (1 0 1 0]

(e) 2 0
101 L0 0 0 0|
01 2

© 19 01

L0 0 0

4.1.3.Write down every possible reduced row-echelon matrix in Myy4. You may use any symbol you like to
represent real numbers that are neither 1 nor 0.

4.1.4.Write down every possible reduced row-echelon matrix in M3y3. You may use any symbol you like to
represent real numbers that are neither 1 nor 0.

4.1.5.Determine whether or not the pair of matrices is row equivalent. If they are list the row operations that
transform the former into the latter.

101 31
(a)_1 2}’{2 2]

1 -1 3 —6
(b)_l 2]’[2 4}

1 0 -1 1 1 1
© |1 2 of,|1 -1 2
0 1 1 1 1

4.1.6.Row reduce the matrices to obtain reduced row-echelon form. (That is, perform Gauss-Jordan Elimination.)



(a)_1 _é]
2 —2
o | ] _1]
i -2
(c) 1 -1
L 2
(3 0 -1
D1y 1
r1 1 -1
© | 2 0 —4
13 0 —6
0o 0 -1
® 0 6 6
00 6
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4.1.7.1s V from Equation 4.14, the set of all linear equations in n variables with real coefficients, a vector space?

Justify your argument.
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4.2 More Systems of Equations and Matrices

Now that we have a new method to solve a system of equations, we should
spend some time talking about what a solution might look like and say a bit
more about how matrices help us find them.

Parametric Solutions to Systems

Augmented matrices in reduced row-echelon form have the wonderful prop-
erty that one can “read” the solution to the associated system right off the
matrix. Just look back at Example 4.1.1. There is a small subtlety, though.

Example 4.2.1 Let’s solve the system

T, + 229 + 373 4
S5x1 + 6z + Tz = 8
9:61 + 10172 + 11583 = 12
—57 + T — 7 r
1 2 3|4 BN 2 3 | 4
6 7|8 _— —4 -8 | —12
9 10 11|12 L -8 —-16| —24
— 279+ T3 —73 2 3 4
_— —4 -8 | —12

SO OO OOk O oK
o
S
o

(—1/4)?2—}7_“2 2 3 4
ey 1 2|3
L 0 0]0
— 275 +71 —T1 0 _1 _2
_ 1 2 3
L0 0 O 0
The final matrix above is in reduced row-echelon form. Now we can solve
the system. The top row says z; — x3 = —2 and the second row says
T2 + 2x3 = 3. Solving for x1 and x5 gives us
Tr1 = T3 — 2
To = 72563 + 3.
In terms of vectors, this would be all vectors of the form
T3 — 2 1 -2
—2z3+3 | =| -2 |z3+ | 3
I3 1 0

where x3 € R.

The augmented matrix in reduced row-echelon form in the previous example
did not have a pivot in every variable column. That seems somewhat annoying,
but it happens a lot. How did we deal with it in the example? We were able to
solve for all the variables associated to a column containing a pivot, and some
of those variables were in terms of the variable not associated to a pivot. This
is not a coincidence.
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Definition 4.2.1 A pivot variable is a variable in a system of equations
whose column in the associated augmented matrix in reduced echelon form
contains a pivot. A free variable is a variable in a system of equations that
is not a pivot variable. That is, a free variable in a system of equations is
one whose column in the associated augmented matrix in reduced echelon
form does not contain a pivot.

Exploration 107 Solve for each of the pivot variables in terms of free variables
in the augmented matrices below.

(1 0 3|27
» |01 5|1
L0 0 00|
1 2 027
> 0 51
L0 0 00|
M1 3 2
> 15 3|1
L 0 00

Definition 4.2.2 A parametric solution for a system of m equations in n
variables that has an infinite number of solutions is a representation of the
solutions in which the pivot variables are given in terms of the free variables
(often called parameters).

Your answers from the exploration above were all parametric solutions to the
systems represented by the matrices. We will often also make note of which
variables are free variables in solutions of this form.

Example 4.2.2 Consider the augmented matrix below.

1 0 0 1] 2
01 5 1|-1
00 0 0|0

Solving for the pivot variables in terms of the free variables and taking note
of which variables are free gives us a solution that looks like

xry = 2 — T4,
To = -1 - Ty — 51‘3,
x3 free,
x4 free.

We could write this in set notation with vectors as
0 -1 2
-5 -1 -1
z3 | | T 0 + o | 1¥HTE R

1 0
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Zero, One, or Many

The Gauss-Jordan elimination procedure and row-echelon form make deter-
mining whether a system has a solution pretty simple. First of all, when an
augmented matrix is in even just row-echelon form, we can tell quickly that a
solution does not exist.

Theorem 4.2.1 A system of m equations in n variables has no solutions if
the associated augmented matrix in row-echelon form has a pivot in the last
column.

PROOF. Let [A|b] be the associated augmented matrix in row-echelon form.

Suppose [A]b] has a pivot in the last row. Then this row corresponds to an
equation in the associated system of the form

0zy1 + Oxo + - - - + Ox,, = by,

for some b; # 0. This equation has no solutions, so any system of which it is
a part also has no solution. d

Now, if we do not have a pivot in the final column, there are actually two
possibilities.

Theorem 4.2.2 A system of m equations in n variables has a unique solu-
tion if the associated augmented matrix in reduced row-echelon form has a
pivot in every column except the last.

-

PROOF. Suppose [Ab] is the augmented matrix in reduced row-echelon form.
We note that any nonzero row of this matrix has a 1 in a single pivot location
and a 0 in all remaining locations except the final one. Thus, any associated
equation will be of the form

where x; is a variable and b; is the ‘" entry in the final column b. Thus, each

variable is determined by the entries of I_;, and there is a unique solution. O

Theorem 4.2.3 A system of m equations in n variables has infinitely many
solutions if the associated augmented matrix in reduced row-echelon form
has no pivot in the last column and at least one other column. That is, the
system has infinitely many solutions if it has a free variable and no pivot in
the final column.

-

PROOF. Suppose [A|b] is the augmented matrix in reduced row-echelon form.
Any nonzero row of this matrix has a 1 in a single pivot location and a 0 in all
remaining pivot locations. Thus, we can solve for the pivot variable in terms
of the free variables and the entry in our solution column. That is, if  is a

-

pivot variable, there is some row of [A|b] whose associated equation is

r+ayr+-+agyp =b
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where aq,...,ar € R, y1, ...y are free variables, and b is the corresponding
entry in the solution column. This allows us to say

r=b—aiyr — - — agyy-

Since we assumed there is no pivot in the final column, each row containing
a pivot can be treated thusly, and doing so gives us a full parametric solution
for the system of equations. All rows not containing a pivot are rows of zero
since we are in reduced row-echelon form. Then, we can choose a real num-
ber for each free variable. Any choice gives a valid solution, and there are
infinitely many possible choices for these real numbers. Furthermore, each
distinct choice gives rise to a distinct solution since the free variables them-
selves would then be distinct. Thus, there are infinitely many solutions. g

Combining these three theorems, we can state the following:

Corollary 4.2.4 A system of m equations in n variables has either zero
solutions, one solution, or infinitely many solutions.

Corollary 4.2.5 A system of m equations in n variables has no solutions
if and only if the associated augmented matrix in row-echelon form has a
pivot in the last column.

Note also that Theorem 4.2.2 and Theorem 4.2.3 stated that the matrix was
in reduced row-echelon form. This is really just to make the proofs clearer.
Since the locations of pivots can be identified once the matrix is in row-echelon
form, we could have stated these theorems using the weaker condition instead.
Therefore, if you are trying to answer the question of how many solutions
rather than actually finding them, you could actually save yourself some time
by only reducing the matrix to row-echelon form.

Exploration 108 The matrices below are the examples of row-echelon form
from the previous section. Cross out the ones that correspond to systems with
no solution. Circle the ones with a unique solution. Do the ones left have
infinitely many solutions?

[4 2 48 13 0|1 1 00]1
010 5(5(,102 34,100 1|5/,
L0 0 0]0 00 —2/2 00 0/0
1.0 0]o0 13 0]o0
0010,and[0010

L0 0 0f1 00 01

Exploration 109 The augmented matrices below are in row-echelon form.
Determine whether the corresponding systems of equations have no solution, a
single solution, or infinitely many solutions. If there are infinitely many, write
the parametric solution.



GEOMETRY OF SOLUTIONS 251

10 2
» |0 1 3|1
Lo 0 00|
10 227
» |0 1 3|1
Lo 0 1]0 |
10 2]2
> 1 31
00 0|2

Geometry of Solutions

There are a lot of subtle misconceptions about the relationship between linear
equations and their graphical representations. For example, it’s very common
to hear the equation y = mx + b referred to as “a line.” It’s not that this is
completely wrong, but it’s definitely inaccurate. An equation and a line are
two different things. Before we proceed, we should establish some concrete
lingo.

Definition 4.2.3 A solution for a linear equation a1x1 + - - - + anxy, = b is
an n-tuple (x1, ..., x,) that makes the linear equation true. The graph of
a linear equation a1xy + - -+ + an, T, = b is a visual representation of the
set of all n-tuples (x1, . .., x,) in R™ that make the linear equation true.

There is a not-so-subtle distinction between the linear equation a1x1 + - - - +
anxy, = b, its set of solutions, and its graph. These three things are respec-
tively an algebraic equation (that may or may not be true), a set of points, and
a visual representation of that set of points.

Let us explore the consequences of this definition for systems. A solution for
a system must be a solution for each equation in the system. We now have
multiple ways of thinking about this:

» The solution for a system is the intersection of the sets of solutions
for each equation in the system.

» The graph of the solution for a system is a visual representation of
this intersection. That is, the graph of the solution for a system is
where the graphs of each equation in the system intersect.

We need at least two variables for this to be the slightest bit interesting, so
we’ll start there.

Two Variable Cases:
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» Two variables, one equation:
Classic. If we have a1x1 + aszo = b, we could write

ay b
To =——x1 + ]

an ag
the standard “slope-intercept” form. Note that since we’re defining
x9 as a function of 1, we need ay # 0 to have an x2, which works
out really well since we also have to divide by a-. In this case, there’s
always an infinite number of solutions in R? for one linear equation
in two variables. The graph of this equation, the set of all solutions

to the equation, forms a line in the R? plane.

» Two variables, two equations:

This is significantly more interesting. With two equations, we have
an infinite number of solutions for each equation. However, since
a solution for a system must be a solution for all equations in the
system, there are three possibilities. The set of solutions for each
equation is a line in the plane, and these lines may be parallel, overlap
completely, or intersect at one point. These three cases correspond
to the system having infinite solutions, no solutions, or exactly one
solution, respectively. See Figure 4.1.

» Two variables, three or more equations:
This is not all that different from the previous case; the graph of the
third equation simply provides a third line in the R? plane. Any ad-
ditional equations do the same. Convince yourself that we still only
have three options for this system: infinite solutions, no solutions, or
exactly one solution.

Figure 4.1: There are only three possible ways for two lines in R? to intersect.

Three Variable Cases:

» Three variables, one equation:
This is an equation of the form a1x1 + asx2 + azxrs = b, and the
graph of this equation is a plane in R3. We can easily find y1, y2, 3
such that b = —(a1y1 +asys +asys). Then ajx1 +asxo+azzrs = b
if and only if

ar(z1 —y1) + az(r2 — y2) + az(ws — y3) = 0,
ord- (¥ —¢) =0, where

a1 € U1
az |, T=| 22 |,and ¢y= | 3o

as x3 Y3

Sl
|
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Since @ - (Z — ¢) = 0if and only if @ and & — § are orthogonal, we
have that (1, ¥, 73) € R? is a solution for a;x1 +asze +azws = b
if and only if & — ¥ is orthogonal to @. Thus, the graph of a;z1 +
a9 + asxs = b is the plane of points orthogonal to @, containing

the point (y1, y2,y3).

» Three variables, two equations:
Now we have two planes, each the graph of one of the equations,
in R?. How can two planes intersect in R3? They can be the same
plane, parallel planes, or intersect in a line. Thus, we have infinite
solutions for the system (a plane of solutions or a line of solutions)
or no solutions.

» Three variables, three equations:
This one’s nice. There are a lot of ways three planes can intersect in
R3. See Figure 4.2 for a couple of them. The three planes could co-
incide, yielding a plane of solutions for the system. All three planes
could intersect in a line, and all three planes could intersect in a point.
Lastly, if any two of the planes are parallel, then there are no solu-
tions for the system.

» Three variables, four or more equations:
Well, now there are planes shooting all over the place. Good luck
drawing this one. It’ll probably be harder to make them all intersect,
but it’s not hard to arrange cases where we have a plane of solutions
for the system, a line of solutions for the system, a single point for
the solution, or no solution for the system.

——y

Figure 4.2: There are many ways for three planes in R3 to intersect.

The Many Dimensions of “Infinitely Many”’

We saw before that when a system has a solution and a free variable, there are
infinitely many solutions. Yet, in the examples we just looked at, we see that
perhaps there is an infinite “line-worth” of solutions, or perhaps there is an
infinite*“plane-worth” of solutions. Actually, there’s a bit more we can say in
the case where there are infinitely many solutions.



Theorem 4.2.6 If a system of m linear equations in n variables has a so- L
lution, then the set of solutions is in one-to-one correspondence onto a
k—dimensional subspace of R"™, where k is the number of free variables
in the reduced row-echelon form of the coefficient matrix associated to the
system.

Now, in the case that there are no free variables, this statement reduces natu-
rally to the statement that there is a unique solution. What’s really interesting
here is that we get a concept of size based on the number of free variable in
the situation of infinitely many solutions. The proof of this statement gets a bit
off track, so we have moved it to the Appendix. However, we can show you
an example that will help illustrate the idea of the proof.

Example 4.2.3 Let’s start with a system of equations.
T+ To + 23 + 224 = 3
2x1 + 222 + 23 +4x4 =3
4z + 4o + 223 + 8x4 = 6

Great! Now, let’s make that into an augmented matrix.

11 2 2|3
2 2 1 4|3
4 4 2 816

Wonderful! Now let’s row reduce to reduced row-echelon form. We’ll skip
the steps, just to keep this example short.

11 0 2|1
001 01
0 0 0 0}0

Stupendous! We can see from this reduced row-echelon form that x5 and
x4 are free variables and z; and z3 are pivot variables. Moreover, we can
write out a parametric solution for this system.
r1 = 1-— T — 21‘4
T3 = 1
Ty free
x4 free

This says the set of solutions to this system is

1 —1 -2
0 1 0
= N R
Usoln 1 I 0 | % I 0 | ¥4t T2 T €
0 0 1

By Theorem 4.2.6, we expect then that there is a 2-dimensional subspace in
one-to-one correspondence with this set Ugql,. The 2-dimensional subspace
is actually the kernel of a matrix. Define

1 1 0 2
A=|(0 0 1 0
00 0 O

This is the matrix obtained by just omitting the last column of the reduced
row-echelon augmented matrix. To find Ker A, we need to solve AZ = 0.
Since A is in reduced row-echelon form and the augmented column will be
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all 0’s, we can go straight to a parametric solution.

Xr1 = —T2 — 2.734
I3 = 0
T free
x, free
That is,
-1 —2
1 0
Ker A = 0 To + 0 T4 XTo, x4 €R
0 1

By comparing Uy, to Ker A we see that Uy, is actually a shifted version
of Ker A. The one-to-one and onto correspondence is then just the function
that shifts Ker A appropriately; specifically, the map S: Ker A — Ugn
given by

—_ O

S@) =7+
0

is the invertible shift function.'® It follows that geometrically, the solution
space, Usqn, is a plane that does not go through the origin in R*.

Exploration 110 Describe the solution space for the system geometrically if
possible.

1+ 29+ 223 + 224 = 3
21‘1+2I2+4$4:3
3x1 +3x2 +2x3+ 424 =0

Let’s think for a minute about what Theorem 4.2.6 tells us about the kernel of
a matrix. Suppose A € M, xn. Then finding Ker A is equivalent to solving
the matrix equation AT = 0. Thus, there is a system of m equations and n
unknowns involved here, and Ker A is the solution space for this system.

Corollary 4.2.7 If A € M, xn row reduces to a matrix with k free vari-
ables, then dim Ker A = k.

Additionally, we know that if A is a matrix representation for some linear
transformation 7: V' — W, then Ker T is isomorphic to Ker A. We also
know dim Imag 7" can be determined once dim Ker 7" is known because of
the Rank-Nullity Theorem.

16: & Is there a joke to be made
about S being “shifty”?

@ Ugh. Let’s just assume you made
it. Well done. Moving on. ..

‘E Did you two catch that .S is not an
isomorphism since Usqln iS not a
subspace of R*?
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Corollary 4.2.8 Suppose T': V. — W is a linear transformation with ma-
trix representation A € M, xn. Then dim Ker T is the number of free
variables identified once A is row reduced and dim Imag T is the number
of pivot variables.

Section Highlights

» A system of equations has either one solution, infinitely many solu-
tions, or no solutions. See Corollary 4.2.4.

» The number of solutions for a system of equations can be quickly
determined by examining the pivots in the row-echelon form of the
corresponding augmented matrix. In particular:

— If there is a pivot in the augmented column, then the system
has no solutions.

— If there is a pivot in all columns except the final augmented
column, then the system has exactly one solution.

— If neither of the above two situations occur, then the system
has infinitely many solutions.

See Corollary 4.2.5, Theorem 4.2.2, and Theorem 4.2.3.

» If a system has infinitely many solutions, then they can be described
parametrically in terms of the free variables. See Definition 4.2.2 and
Example 4.2.2.
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Exercises for Section 4.2

4.2.1.Determine by inspection whether the system represented by the augmented matrix has no solution, one so-
lution, or infinitely many solutions.

10 1]1 1 3 2
(a) 3 31 (d) 15 3|1
00 0|3 L0 0 10

) ] 10 3 2]27

1o 1)1 @ 01531

(b) 3 31 000 1]0
L0 0 0]0 ] 000 0]0]

'1 0' _10322_

K o 000 1]0

000 01 ]

4.2.2.For each augmented matrix in reduced row-echelon form below, give either the unique solution or the para-
metric solution.

10 0] 2 (1.0 3 0 1[4]7

(@) 1 0|-1 © |0 150 3|4
[0 0 1|3 0001 1|1

L0 00 0 0|0
(10 1]1]

G 0131 SREEEIEE
- - 0103 0/1
"1 2 0l31 @10 01100

© oo 13 [0 000 1]1]
L0 0 0]0 i

10020 5|2
"1 0 3 0l2 01030 -1]1

@ o1 5 0|1 @ |00 110 3]0

00 0 1 000071 2|1
(00000 01

4.2.3.Determine the value (or values) of k& for which the system will have zero, exactly one, or infinitely many
solutions, if possible.

2 + ky = 6 2r 4+ ky =

(a) (b)
3z + 6y r + 4y

Il
o
o o



EXERCISES FOR SECTION 4.2

r — ky + 2z = k
(©) r + 2y — 2z = k
2kx + 2y — 2z = 2k.

4.2.4 Show that for any k1, ke € R, if ad — be # 0, then
ar + by = k
cx + dy = ko

has a unique solution and state the solution.

258

—2r—Ty+z2z=12
r+2y+42=0.

(a)

1‘1+I2:4
(@) —21+ 2z =2
.Z'1+£172:3
r1+a9 =4
(b)
-1+ 219 =2
T1+x9 =4
C
() —1’1—1’2:—4
£C1+£L'3:4
(d) —z1 + 222 =2
3(E2+£L’3:3

xr1 + T2+ X3
(e) —x1 + 2172 + 31‘3
1 + 3x9 + 3

T1 + 5T2 + 513 =

) —x1 + 229 + 323
2x1 + 3z + 223

4.2.5.Find the line of intersection for the planes given by the equations in the system.

T—y+z=3

b
® 3z — 3y = 6.

4.2.6.Set up an augmented matrix and row reduce to solve the system of equations.

Z‘1+5I2+5$3+I4:5
(2) —x1 4+ 220+ 33+ 714 =2
2$1+3I2+2$3:3

x1+5x2+6x3 =5
(h) —x1 + 229 + 323 =2
2x1 + 322+ 323 =3

T+ 5r9 +4x3 =1
(1) —r1 + 2$2 + 1.%3 =2
2x1 +3x2 + 323 =3

I172$2+5I3+l’4+$5:2
G) —X1 4+ 220 — 3+ x4 =2
I1+3I2+2l‘3+$5:3

$1+51’3+$4+ZC5:2
—T1 +2x9 — 14 =2

(k)
$1+3$2+2$3+$5:3

21 +2x4+25 =0
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4.3 Matrix Techniques

Gauss-Jordan elimination was a useful tool for finding solutions for a system
of equations in the last section. Now, think back to all those times we’ve
needed to solve a system of equations so far. All the work to learn this tech-
nique is about to pay off in a huge way.

It should also be noted that technology is often quite useful and helpful when
implementing Gauss-Jordan elimination.'” As with all technology, there are
advantages (efficiency!) and disadvantages (potential for inaccuracy!), but it
is not difficult to find reasonably simple-to-use matrix calculators.'®

Linear Independence

If we’d like to determine whether or not a set is linearly independent, there is
a matrix we can construct and row reduce to answer this question.

Theorem 4.3.1 A set of vectors S = {v1,...,0,} C R™ is linearly inde-
pendent if and only if the matrix A = [0y - - - U] row reduces to a matrix
with a pivot in every column.

PROOF. We know that the set S is linearly independent if and only if the only
solution to

(4.19) 10+ A 2T =0

is the trivial solution with z; = 29 = --- = x,, = 0. Let A = [0} - - - T,,]. We
can then rewrite Equation 4.19 as A7 = 0 where

I

8
Il

Tn

We know this equation has the trivial solution, so whether or not that is the
only solution comes down to whether there are free variables. Now, we can
row reduce A. By Theorem 4.2.2, we know this will be the only solution if
and only if A has a pivot in every column. O

Example 4.3.1 Let us discover if the following set of vectors are linearly
independent:

1 1 0 2
2 0 ~1 1
a0 2 | 2 ™
1 _9 2 1

Using these vectors as columns in a matrix, we have

1 -1 0 2
2 0 -1 1

=1 2 =2 1|’
1 =2 2 -1

17: @ You mean with robots?

‘E No, not specifically robots.

18: f’% Robots!
‘E No, Ricky! Not robots!
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which in reduced row-echelon form is

1 0 0 -1
01 0 -3
0 01 -3
000 O

By Theorem 4.3.1, these vectors are not linearly independent since the last
column does not contain a pivot.

Exploration 111 Recall a set of three vectors in R? will be a basis if it is
linearly independent since dimR® = 3. Use Theorem 4.3.1 to determine
whether this set is a basis for R®. Note that row-echelon form is enough to
identify the locations of pivots.

Finding a Basis

In that last exploration, we used row reduction to identify a basis since we
already knew the dimension of our space. What about when we don’t know
the dimension? Well, row reduction can do this for us too. However, we first
need to define some terminology to help us out.

Definition 4.3.1 The ith column in a matrix A is called pivot column if the
ith column of the row-echelon form of A contains a pivot. Since the rows
and columns of a matrix are each vectors, we will often refer to a pivot
column as a vector.

Note that a pivot column is the original column in the matrix before you put
the matrix in row-echelon form. Doing Gauss-Jordan elimination will identify,
not yield, which columns are pivot columns. For example, if you row reduce a
matrix A and find that the resulting matrix B has a pivot in the third column.
The third column of B is not a pivot column of A. However, since B has
a pivot in the third column, we know that the third column of A is a pivot
column.

. . . Q
Pivot columns, it turns out, are very important. 19

Theorem 4.3.2 Let S = {4,...,0,} be a set vectors in R™. The pivot

columns of the matrix [Uy - - - Uy,] form a basis for Span {S}.

19: & Yes, but what about pea-voh
columns?

I think you’re supposed to accent
the second syllable in pea-voh.
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PROOF. Let A = [0 - - - ¥,,]. We can row reduce A to reduced row-echelon
form and identify the pivot columns. For reference, we will denote this re-
duced row echelon form of A by B. From Theorem 4.3.1, we see that in the
case where all the columns of A are pivot columns, the set S is linearly in-
dependent and forms a basis for Span {S}. Suppose now that there are free
variables, so that A7 = 0 or equivalently

(4.20) 210 4 + 2pU, = 0.

has infinitely many solutions. Let us re-label the variables in Equation 4.20 so
that we sort between pivot and free variables. We will use yy, . . . , yx to denote
the pivot variables and z1, .. ., 2; to denote the free variables. Then Equation
4.20 can be rearranged as

“21) Ty o Yyl o+l =0

Recall that our matrix B is the reduced row-echelon form of A. Thus, each
row is either a row of all zeros or it contains a pivot. Since we are trying to
determine linear independence, we can augment our matrix A by a column of
zeros, and the result for B will remain a column of zeros. We can then use
our technique of parametric solutions to write each pivot variable as a linear
combination of the free variables. That is, we can write

Y1 =c1121 + -+ cuz

Yk = Ck121 + -+ + criz

for some real numbers c;; determined by the entries of B. Now, any choice for
the free variables gives one specific solution in our solution space for AZ = 0.
If we choose 21 = —1and 29 = --- = 2; = 0, then y1, . . ., yx are determined
and give a solution to

Y1Uy, + -+ YrUy, — U, = 0.
This rearranges to give us
YUy, + -+ YrUy, = Uz,

So the free variable vector ¥,, can be written as a linear combination of the

pivot column vectors @, ,--- ,¥,. The same can be done with a similar
choice for the free variables to solve for each of the vectors U,,. Thus, the
pivot column vectors ¥y, , - - - , Uy, are a spanning set for Span {S}.

To be a basis, we must also show that they are linearly independent. The easi-
est way to confirm this is to form the new matrix C' = [#; - - - §j)] and perform
the same row operations on C' as those used to reduce A to B. Because of the
definition of pivot columns, we will have a matrix with a pivot in every col-
umn, so the vectors {¢1, ..., ¥} are linearly independent by Theorem 4.3.1.
Therefore, the pivot columns are a linearly independent spanning set, a.k.a. a
basis for Span {S}. O
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Example 4.3.2 Let’s use this theorem to find a basis for a subspace. Let

1 2 3 1 2 0
4 0 4 1 5
S = 3|, -1 |, 2|,|1{,|4]|,]0
0 0 0 1 1 1
=1 2 1 1 0 0
Now, we can use a matrix and row reduction to find a basis for Span {S}.
1 2 3 1 20 101 010
4 041 50 01 1000
3 -1 21 40|—=]0001T10
0 001 11 0 00 0O0 1
-1 2 1 1 0 0 0 00 00O

Wow, we row reduced that one fast! Okay, fine. We just omitted all of
the steps. If you’re looking for some additional row reduction practice, this
would be a good one to try since you already have the answer. Now, let’s
talk about our basis for Span {S}. We see that columns 1, 2, 4, and 6 are
the pivot columns, so

1 2 1 0
4 0 1 0

B = 30, =t |,[t],]o0
0 0 1 1

1 2 1 0

is a basis for Span {S'}.

Exploration 112 Use the technique from the previous example to find a basis
for

1 1 0 4 2
Span 3 0 —6 5 2
1’1o’ -21{"]1||oO
0 1 2 1 0

One place we have needed to find a basis for a subspace in the past is when
computing the column space of a matrix. The concept of pivot columns helps
here naturally.



Example 4.3.3 Consider the matrix A defined below.

Then we can row reduce to get

10
0 1
0 0
0 0

LINEAR COMBINATIONS

A:

1

3
3
1

S = = O

2
—4
0
0

2

NN DN

0
0
1
0

Based on pivot columns, we see then that

B:

bl

0
1
1
0

3

1
1
0

b

1

2
2
1

O = =W
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forms a basis for Col A. Recall that Col A = Imag T4, where T4 is the
linear transformation induced by the matrix A. Thus, this gives us a way
to find the image of a linear transformation using matrix representations as

well.

We’ve seen now that row reducing a matrix can help us find a basis for the span
of a set of vectors. However, what would that look like when the set of vectors
is a spanning set for the vector space? Well, to be a spanning set, the expected
number of basis vectors identified would be at least the dimension of the vector
space. Since the dimension of the vector space is the same as the number of
rows in the matrix, we would see a pivot in every row of the corresponding
matrix, since the number of pivot columns must match the dimension of the

vector space.

Corollary 4.3.3 Suppose S = {v1, . .

A=t ...

spanning set for R™.

Linear Combinations

., Um } is a subset of R™. If the matrix

U] has a pivot in every row when row reduced, then S is a

We can actually do better than just determining whether vectors are linearly
dependent or not. If they are in fact linearly dependent, this matrix method
provides a nice way to write one of the vectors as a linear combination of the

others. To see this, let’s look at an example.

Example 4.3.4 Let’s just use the matrix from Example 4.3.2 for this one.

1
4
A= 3
0
-1

2
0
=1
0
2

— O N e W

=

S = o Ot

0

o = O O

1

e e e e

SO O O = O

O O O = =

O O = O O

1

0
1
0
0

0

o = O O
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In our proof for Theorem 4.3.2, we saw that there was a way to solve for
any free variable vector in terms of the pivot columns by choosing —1 for
one free variable and 0 for the rest. Let’s see what happens when we do
this here. Using the convention of y’s for pivot variables and z’s for free
variables as in the proof, our parametric solution for A% = 0 becomes

(4.22) Y1 = —21 — 22
(4.23) Yo = —21
(4.24) Ys = —22
(4.25) ys =0

where y1, Yo, y3, and y4 correspond to the pivot columns v, s, ¥y, and vg
and z; and 2, correspond to the free variable columns ¢3 and ¢5. Choosing
z1 = —1 and 22 = 0 gives us a way to write U3 as a linear combination of
the pivot columns, and choosing z; = 0 and 25 = —1 gives us a way to
write U as a linear combination of the pivot columns. Specifically, we have

1

3 = U1 + U

= U1 + Ua.

St

Because of how nice reduced row-echelon form is, we can actually see the
outcomes of these directly from the reduced free variable column.

Exploration 113 Form the same matrix as from Example 4.3.3 and then use
the entries in the reduced free variable columns to write the free variable col-
umn vectors as linear combinations of the pivot columns. Check your answer
by computing the linear combinations with the vectors.

Exploration 114 The following set of vectors are clearly linearly dependent.
Set up a matrix and row reduce to find a way to write one of the vectors as a
linear combination of the others.

1 1 2
t{, 1], l2].]1
1 0 1

Coordinate Vectors

Now that we are talking about how matrices allow us to write vectors as linear
combinations of basis vectors, we should really say something about coordi-
nate vectors, too.
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Recall that if we have a basis B = {51, el En} for a vector space V, then for
any vector ¥ € V, we can write ¥’ as a unique linear combination of the vectors
in BB; that is, v = all;l +-- ~—|—anl;n for some scalars a1, . .., a,. These scalars
are the coordinates for ¥/ relative to 3:

a1

[1715 =

Qn

We now have a very convenient method for finding these coordinates. We want
to solve the vector equation

- -

(4.26) arbr+---+apb, =7

for the scalars aq,...,a,. If V. = R, then this is equivalent to the matrix
equation and augmented matrix,

[61---54 [f]; =7 and [51.-.5n|6],

respectively. This is also equivalent to a system of equations, but at this point,
we suspect solving by way of the augmented matrix is the preferred method.

Example 4.3.5 Let
1 —1 0
0 -1
H =
Span 1| o || _o
1 -2 2

From the row reduction in Example 4.3.1 and Theorem 4.3.2, we know these
three vectors

1 -1 0
- - 0 - -1
B 1 o s U2 ) » U3 _9
—2 2
form a basis for H. Let’s find the coordinates for
2
§o 1
- 1
-1

relative to 3. That is, we want to find scalars a1, as, az where
a1
U = a1b1 + asby + asbs, so that [17]8 = as
as
This vector equation can be written as an augmented matrix and its reduced
row-echelon form

1 -1 0 2 1 0 0] -1
2 0 -1 1 and 01 0|-3
-1 2 =2 1 0 0 1|3
1 -2 2| -1 0 0 O 0
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-1
From this we see that 7 = —b, — 3by — 3bs, s0 []g=| -3
-3
1 1 0
Exploration 115 Consider the basis By = 11,101, 1 of R3.
1 1 1
3
Write the vector | 1 | as a linear combination of these basis vectors.
0

What about if we want to find multiple coordinate vectors with respect to the
same basis? This was what we had to do when finding the matrix representa-
tions for a linear transformation with respect to a non-standard basis. Well, we
can augment with multiple vectors at once!

Example 4.3.6 Again consider the basis

1 1 0
By = 1],]01,]1 of R3.
1 1 1
Suppose we have a linear transformation T': R? — R3 such that
1 S
T 1 = -1 1,
L 1] L 2]
-1 S
T 0 = 0 |, and
L 1] L 0
[0 ] [0
T 1 = 1
| 1 ] | 1

In order to find the matrix representation for " with respect to the basis 5y,
we need now to convert the outputs given here into coordinate vectors for
By. Instead of row-reducing 3 separate times, we can do this all at once.
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1 1 0|-1 -1 O 1 0 0|—4 -1 0
1 0 1]-1 0O 1|—-(0 1 0| 3 00
1 1 1] 2 01 0 0 1f 3 1 1
Then
—4 -1 0
A=| 3 0 0
3 1 1

is the matrix representation for 7" with respect to the basis By.

Lastly, can row reduction help us when our vector space is not R for some
positive integer n? Of course it can. The key is finding coordinate vectors, and
it’s best to choose the standard basis since it’s easier to work with. From there,
we could apply any technique we want from the R”™ setting and then translate
our results back.

Example 4.3.7 Let’s determine the coordinates for = 23 —4x+ 5 relative
to the vectors in the basis
B = {1,x,x2 —1,2% — 3:10}
for P5. Righto. We just need to find scalars a1, . . ., a4 such that
a1(1) + ag(x) + az(2® — 1) + ay(2® — 3z) = 22° — 4z + 5.

Maybe that sounds like fun to you. If it does, great! There is, however,
another way. ..
Recall that the standard basis for P is

g = {1,x,x2,x3},

SO We can write

1 0
0 1
[1]5 = 0|’ [I]g = 0|’
0 0
-1 0
2 3 -3
[2 —1], = , and [¢° —3z], = q
1
Similarly,
5
= [22% — 4z +5], = -
Plg = |22° — 4z + e = 0
2

Now we can turn the problem of finding scalars such that
a1 (1] + a2 [z]¢ + a3 [2° — 1, +as [2° — 3z), = [22° — 4z + 5]
or

aq + aso

S O O =
e e = e
S
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As we’ve seen, we can write this as the augmented matrix

1 0 -1 0 5
0 1 0 -3 |4
0 0 1 0 0|’
0 0 O 1 2

which, in reduced row-echelon form, is

1 0 0 0|5
01 0 0|2
0 01 0|0
0 0 0 1|2

Thus, a; = 5,a2 = 2,a3 = 0, and a4 = 2. Note that along the way
we also verified that BB is a basis for P53 since the columns in the reduced
matrix corresponding to 53 all contain pivots and the set’s size matches the
dimension of P3.

Kernel of a Matrix

We’ve already discussed this in some examples in the previous section, but it’s
important enough to revisit. By definition,

Ker A= {Z ¢ R": A7 = 0}

for any A € M,,xn. Now, solving AZ = 0 for Z can be done using the
augmented matrix representation of the matrix equation.

Example 4.3.8 Let’s find Ker A where

1 -1 0 2
2 0 -1 1
A=10 9 9 1

Then we row reduce this to get

1 0 0 -1
01 0 -3
0 01 -3
0 0 0 0

Since we are solving AT = 0, the column we would augment would only be
a column of zeros, and such a column is never changed by row operations.
Thus, we can omit the augmentation when solving AZ = 0. To find Ker A,
we write the parametric solution.

T1 = T4

ro = 31‘4

T3 = 314
x4 free

Now, we can convert this to a set of solutions. In this case, we know the set
of solutions will actually be a subspace since we know Ker A is always a
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subspace. Thus,

Ker A = T4: x4 € R 3 = Span

=W W =
=W W =

Recall that for any linear transformation 7': V' — W, we can find a matrix
representation A. Then Ker A can be translated by a coordinate mapping into
Ker T, and thus, computing Ker A can be an essential step for finding Ker T'.

Example 4.3.9 Suppose T': P3 — R* is defined by

a—b+2d
2a —c+d
—a+2b—2c+d
a—2b+2c—d
Then the matrix representation with respect to the standard bases for [P3 and
R* is the familiar

T(a + bz + cx? + dz3) =

1 -1 0 2
2 0 -1 1
A= -1 2 =2 1

1 -2 2 =l

From our previous example, we know

1 1
Ker A = S T4: x4 € R 3 = Span 3
3 3
1 1

Now, to translate this to Ker 7, we need to view these as coordinate
vectors with respect to our standard basis for P3. Thus, Ker T' =
Span {1 + 3z + 322 + xg}.

Exploration 116 Let 7' : R? — R? be defined by

1 1+ T2
T T2 = T3
I3 T3

Find the matrix representation A for the linear transformation 7" on the stan-
dard basis vectors for R3. Use this matrix to find a basis for both Imag 7" and
Ker T.
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Section Highlights

» Any column of a matrix, A, that has a pivot when row reduced is
called a pivot column. Note that the pivot column is a column in the
original matrix A, not its row reduced form. See Definition 4.3.1.

» A set of vectors in R is linearly independent if and only if the ma-
trix with those vectors as columns has a pivot in every column. See
Theorem 4.3.1.

» A set of vectors in R" is a spanning set for R™ if and only if the
matrix formed using those vectors as columns has a pivot in every
row when row reduced. See Corollary 4.3.3.

» Suppose H = Span{¥i,...,¥,} is a subspace of R™. The set of
pivot columns of A = [0} ... ¥,] is a basis for H. See Theorem
4.3.2.

» The set of pivot columns of a matrix, A, is a basis for Col A, which
is the image of the linear transformation 7'4. See Example 4.3.3.

» The coordinate vector for a vector & with respect to a basis I3 can be
computed in the following manner:

— Use the vectors in B as the columns of a matrix and augment
it with Z.
— Row reduce to reduced row-echelon form.
— Read the coordinate vector for # from the augmented column.
See Example 4.3.5 and Example 4.3.7

» Row operations do not change the kernel of a matrix. Thus, to find
the kernel, row reduce to reduced row-echelon form; the parametric
solution to the row reduce matrix augmented with the zero vector
describes the kernel. See Example 4.3.8.
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Exercises for Section 4.3

4.3.1.Determine whether the set is linearly dependent or linearly independent. If they are linearly dependent, set
up a matrix and row reduce to find a way to write one of the vectors as a linear combination of the others.

-1 5
(a) 10, =11,]5
1 -2 3

(b)

—
\
N
w

—
|

[t

[\

—_
—_
w
(e}

— = O
I
S = =
S W ot Ww
1
1
o O O = (@)
1
—_———— N——

(e)
27 7 17717 3 71 [ —-27
0 -1 0 2
(f) —6 b _3 ) _3 ) 6
L 01 L 0J L O 1 L O
27 7 17717 3 71 [ —-27 -1
0 -1 0 2 0
(g) —6 ) _3 ) _3 ) 6 ) O
L 01 L 0J L O 1 L O | 1

4.3.2.Use the concept of pivot columns to determine whether the set is a basis for R3.

1 1 2
(a) 1(,]1(,]1
1 0 0
17 17 [2]
(b) -1 ) 1 )
L 1] LO] [1]
— 1_ _1_ — -
(C) -1 ) 1 )
L 1] Lol L1




1 1
(d) -1 9 0 9
-1 0
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4.3.3.Use the concept of pivot columns to determine a basis for each subspace H.

(a) H = Span

(b) H = Span

1

4

0
0
11
0
0
1
0 )
0
0

_ o O = O

©) H:Span{1+x,2—x+m4,x2—3x37l—2x+:v4}

(d H:Span{1+x—|—x4,1—2x,1+z2—3x3,2—:17+:c4}

(e) H = Span

—_ 0 O =

4.3.4.Consider the basis By =

tion of these basis vectors.

4.3.5.Consider the basis B

tion of these basis vectors.

4.3.6.Consider the basis By =
S
(@ | -1
LU
P
by | -1
Lo ]y,

1

-1

0

0

1
1 1
01,2
1 1
2 1
1l,]1
0 1
1
_1 ,
0

)

O O = O O

0

i}

1
M1

i
L 3

3

of R3. Write the vector | 1 | as a linear combina-
1
3

of R3. Write the vector | 1 | as a linear combina-
0

of R3. Find the coordinate vectors below.

0
© | -1
L1,
-
(d) -1
N




EXERCISES FOR SECTION 4.3 273

4.3.7.Use the method from Example 4.3.6 to find the matrix for T" with respect to the given basis B.

(@) T: R? — R? be defined by

T1 T+ X2 1 2 0
T To = T3 with respect to the basis B = -1 1, 1 ,1 0
T3 3x1 + 322 0 -1 1

(b) T: R? — R? be defined by

T r1 + X2 0 1 0
T To = T3 with respect to the basis B = -1 1, 1 ;1 0
I3 3171 —|—3I2+I3 0 -1 1

(¢c) T: Py — Py be defined by
T (ao + a1z 4 azx®) = (ag + a1) + (az)z” with respect to the basis B = {1,1+ z,1 4+ z + 2°}

4.3.8.LetT : R? — R? be defined by

1 T2 — I3
T xro = To + T3
z3 T3

Find the matrix A that represents T on the standard basis vectors for R3. Use this matrix to compute Imag T
and Ker T

4.3.9.LetT : R® — R? be defined by

Ty Ty — &3
T To = o — T3
xs3 T3

Find the matrix A that represents 7" on the standard basis vectors for R3. Use this matrix to compute Imag 7'
and Ker T

4.3.10.Let T : P, — IP3 be defined by
T (ao + a1z + a2x2) = aox + 3apz® + (a1 + az)z®.

Find the matrix A that represents 7" on the standard basis vectors for P; and P3. Use this matrix to compute
Imag T and Ker T

4.3.11.Let T : P, — R? be defined by

ag + a1 + as :l

T (ao + a1z + aga:Q) = { %0 — as

Find the matrix A that represents 7" on the standard basis vectors for P, and R2. Use this matrix to compute
Imag 7T and Ker T
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4.4 Matrix Operations

Where are we now?”’ We’ve introduced matrices as a convenient way to repre-
sent linear transformations. We’ve also developed a systematic way to simplify
them, row operations and Gauss-Jordan Elimination, and seen that since this
helps us solve systems of equations, it is essentially an alternative method for
doing everything we’ve learned so far. Well, except showing a set’s a vector
space. Row operations are no help there. That does remind us though that we
should talk about vector space-style operations on matrices. That’s where we
are.

Addition, Scalar Multiplication, and Matrix/Vector Multipli-
cation

We’ve made a big deal so far about how a matrix can be used to represent
a linear transformation. Now, a linear transformation is a function, and an
operation we have for two functions with the same domain and codomain is
function addition.

Example 4.4.1 Let f: R — R be defined by f(z) =z +3andg: R - R
be defined by g(z) = x — 4. There is then a function

f+g:R=>R
defined by
(f+9)(x) =f(z)+g(x) =(x+3)+(r—4) =2z -1

This is likely something you’ve seen before. Now, we haven’t discussed
whether adding two linear transformations with the same domain and codomain
should give us a new linear transformation. It does; we just haven’t mentioned
it before. We can also scale a linear transformation to obtain a new linear
transformation. Maybe we should say this using official-sounding words.

Theorem 4.4.1 Let T: V. — W and S: V — W be linear transformations.
(@) ThenT + S: V — W defined using the usual function addition is
also a linear transformation.
(b) Let k € R. Then kT: V — W defined by scaling each output of
the linear transformation T' by k is also a linear transformation.

The proof of this gets us a bit off-track, so we’ve put it in the exercises. You
do remember how to show a function is a linear transformation, right?

Let’s get back to talking about matrices. We’ve just defined two operations
on linear transformations. Since we’ve made it quite clear that matrices and
linear transformations are deeply linked, there should be analogous operations
for matrices. We call these componentwise addition and scalar multiplication.

20: @ As a civilization?

I think I have a map here some-
where. ..

[‘E% Oh! The margin! We are in the
margin.
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First, we can illustrate this with 2 x 2 matrices.
a b n e f _ at+e b+ f and
c d g h c+g d+h
i a b - ka kb
c d o ke kd |’
for some scalar k € R. Generally, we have the following definition.

Definition 4.4.1 » The sum of two m x n matrices”' [a;;] and [b;]

. . . . 21: ‘é They must have the same
is the m x m matrix [c;;] whose entries satisfy c¢;j = a;j + b;j.

. . : dimensions!
» The scalar multiple of a matrix [a;;] by a scalar k € Ris the mxn

matrix [d; ;] whose entries satisfy d;; = ka;;.

Exploration 117 Use the definitions above to compute these:

S[12 4] [-2 0 1]_
31 -2 -1 -2 4|

12 4
’3{3 1 2}

We’ve saved matrices for the latter half of the book, but we could have dis-
cussed them back in Section 1.1 because we can also think of them as vectors.
For example, observe that

-
b
[a b C:|€M2 and ¢ e RS
d e f x3 d
e
L f ]

contain the same information. Our operations of vector addition and scalar
multiplication in this case would even match this new componentwise addition
and scalar multiplication for matrices. Thus, the following theorem shouldn’t
be a surprise.

Theorem 4.4.2 The set of m X n matrices, denoted M., «, is a vector
space with componentwise addition and scalar multiplication.

We could further explore the identification between matrices in M, x,, and
vectors in R™" to actually form an isomorphism and prove this theorem.
Moveover, once we’ve agreed M., «,, 1S a vector space, we can get the fol-
lowing corollary.

Corollary 4.4.3 The set of linear transformations T : R™ — R"™ is a vector
space with function addition and scalar multiplication.
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The statement follows because we could map any matrix A to its induced
linear transformation 7’4 and get an isomorphism. This game of declaring
something is a vector space because we can define an isomorphism seems like
a lot of fun,?” but let’s get back to matrices.

While we didn’t previously talk about how matrices form a vector space, we
did define a way to multiply a matrix A = [d; - - - @,] and a vector Z € R™:

€

Ln

We’ve gotten a lot of mileage out of this definition; most notably, it allowed us
to think of matrices as functions, which paved the way for using matrices as
representations for linear transformations. We should “jump start” something
to complete the lap of car metaphors.”’

Matrix Multiplication

The next logical operation on matrices would be multiplication of two ma-
trices.”* As with vectors, there are a lot of ways to think about a product of
matrices, but a particularly useful and instructive one comes from function
composition, an essential tool in function theory.25 We saw in Theorem 3.2.3
that the composition of two linear transformations is again a linear transfor-
mation.

Just as we just did with addition and scalar multiplication, we’d like to translate
this operation to matrices. Suppose A = [@1 - dy] € Muyxn and B =
[51 . gp] € M, xp; we have induced linear transformations 74 : R® — R™
and Tp: RP — R™. From Theorem 3.2.3, we know the composition T4 o
Tp: RP — R™ forms a linear transformation. How can the matrices A and B
to reflect this?

Let £ € RP. Then we have

(TaoTp)(X) = Ta(Tp(Z)) by definition of composition
since T (Z) = B¥
(BZ) since BZ € R™

and T4 (@) = At for all ¥ € R™.

I
Dsgﬂ
o

aw

Thus, for composition to agree with matrix multiplication, we need to have
our matrix product AB satisfy (AB)Z = A(BZ). Calculating the expression
on the right hand side of this, we have

A(BZ)

A (1‘151 —+ - l‘ngn)
= 21 Aby + -+ 2, Ab, = [Aby - Ab,)7.
This then dictates precisely what our matrix product should be.

Definition 4.4.2 Let A € My and B = [by ---b,] € Myxp. Then we
define the product of matrices A and B to be the matrix AB € M,xp

22: ‘E Because it is!

23: @ or perhaps. .. we should tap on
the brakes?

{E‘?} Oh, well done, Bubbles!

24: ‘B Recall from Chapter | that this
was complicated for vectors.

25: ‘E Recall from Chapter 3 that we
needed function composition to make
inverses.
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given by

-

AB = A[b; - - - by] = [Ab; - - - Aby).

Defining the product A B in this fashion gives us a natural way to have a matrix
representation for a composition of linear transformations.

Theorem 4.4.4 Let A € M,y and B € My, and let Ty : R — R™
and Tg: RP — R"™ be the induced linear transformations. Then the matrix
AB € M,y xp has induced linear transformation Tap = T4 o I'p.

PROOF. Note first that the product AB makes sense based on the dimensions

of the matrices A and B. This is equivalent to checking that the composition

T4 o Ty also maps between the appropriate spaces.”® Let # € RP. Using  26: 4& Exercise!

the definition of matrix multiplication and our definition for the linear trans-

formation induced by a matrix, we have Tap(Z) = (AB)Y = A(BZ) =

A(Tg(Z)) = Ta(Tp(Z)) = Ta o T(£).” o 2r E You will also justify each of
these equalities as an exercise.

Example 4.4.2 Let
7 8
A:[iiz} and B = 9 10
11 12

Let’s calculate AB. To make it clear what’s happening, let’s also shade the
second column of B.
7 8
AB=A| 9 10
11 12

A, 1 2 3 ; 1 2 3 13
- 4 5 6 4 5 6

11 12

JEB

7T+18+33 8+20+ 36
28 +45+66 32+ 50+ 72

=| 7

2
5

1
4

2
5

9 +11 + 12

a1

[ 58 64
139 154 |°
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Let’s calculate BA. Hey, three columns in A? We’ll shade the middle
column to help keep things clear.

pa—p|t ?3
4 5 6
_|B|l'| B|?]| B|?®
4 5 6
o8], 7 8 ) 7 8 )
= 9 10 A 9 10 . 9 10 o
11 12 | L 11 12 11 12
[ 7 [ 8 7 8 7 8
=[(1]| 9|+4| 10| 2| 9|+5[10]| 3| 9|+6] 10
11 12 11 12 11 12
[ 7432 14440 21448
—| 9440 18450 27+60
11448 22460 33+72
39 54 69
=| 49 68 87
59 82 105

You probably noticed that AB # BA. Lots of types of multiplication are
commutative, but evidently, matrix multiplication is not. Matrix multiplica-
tion is so badly not commutative, the product AB and the product BA are
not even the same dimension!

Exploration 118 Let
1 2 5 6
A—[34] and B_[78]

Calculate AB and B A and verify that matrix multiplication does not commute.

Matrix Multiplication via Transpose

There is another way to think about this matrix multiplication that is often
used. We will first need a new definition.
Definition 4.4.3 Let A € M., . The transpose of A, denoted AT, is the
matrix in My, xp, derived from A by making the jth column of A into the
jth row foreach 1 < j < n.
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Example 4.4.3 Let
1 4 1 2 3
A=12 5 and B=|0 4 5
3 6 0 0 6
Then
1 0 0
AT—[igz} and BT=|2 4 0
3 5 6

Now that we have that, we make the following observation:

A
Mnxl: I'ZER :Rn,
"ETL
and
T
1
Misn ={[z1- 2] : 2 eR} = sz, €R Y 2R

T

*¥ Clearly, the concept of a matrix transpose applies on a single row or column
vector because they are matrices. This gives us the following fun interpretation
of matrix multiplication.

Theorem 4.4.5 Let A € M, xp, and B € Mpyy,. Then the product AB €
M xn 1S the matrix whose entry in the ith row and jth column is the inner
product of the transpose of the ith row of A with the jth column of B for all
1<i<mandl < j <n. Thatis,

AB = [(ab);;], where (ab);; = i 5}7

where 7 is the ith row of A and Ej is the jth column of B.

Exploration 119 We will prove Theorem 4.4.5 together! First, let ¥ € R? and
write out AX as a single vector

Now convince yourself that for any vector & € R”, we have

T o
T

AZ = : ,
ﬂ‘

Tm T

where 7; are the row vectors of A for1 < i < m.

28: 4‘% I always write my vectors hor-
izontally with (, ) brackets, so it is your
weird set that is isomorphic to R™.
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Now use the fact that AB = [Aby - - - Ab,] to complete the proof.

2 3
5 6

7 8
} and B = 9 10
L 11 12

Let’s calculate AB using this new method. Note first that we have

Example 4.4.4 Let
1
A:
¥
1
77‘-121: 2 1, F’{:
3
Then
A .F
AB = | 2]
|5
S
2
L 3
= 4
5
L _6_

4

’ b1:

S O = W N

7
9

11 |

L 12 ]

Properties of Matrix Multiplication

, and

10

12 | [
=

10

8

by = 10

12

58 64
139 154 |°

Like any other respectable mathematical operation, matrix multiplication has
some nice properties. We’ve already discovered the deplorable fact that ma-

trix multiplication is not commutative, and that makes everybody very sad.’

9

Before we celebrate some things that matrix multiplication actually does well,

we need a definition:

Definition 4.4.4 The identity matrix is the square matrix I, € Myxp,
whose columns are the standard basis for R™ in order. That is,

1

0
1

oo e

0 0
0 0
10
0 1

29: ‘@ Except the algebraists special-
izing in non-commutative algebras.
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Note that the identity matrix corresponds to the identity map for a vector space,
the linear transformation that sends each vector to itself. Formally, 77 = T,
where T: V' — V is given by T'(Z) = & for all € V. Now, commence
celebration!

Theorem 4.4.6 Let k € R, and A € M, «xn, and let B and C' be matrices
of the size necessary for each of the following operations to be well-defined.
Then
(a) (AB)C = A(BC) (associativity of matrix multiplication)
(b) A(B+C) = AB+ AC (left distribution of matrix multiplication)
(¢) (B+C)A = BA+C A (right distribution of matrix multiplication)
(d) k(AB) = (kA)B = A(kB)
(e) I,A = A= Al, (identity for matrix multiplication)

Those look wonderful! Unfortunately, their proofs do not. They are not diffi-
cult, but the amount of notation and page space required makes them an eye-
sore we would rather avoid. Let’s verify one of these for 2 X 2 matrices just so
we don’t feel quite so bad about cheating you out of the glorious satisfaction
of a thorough proof.*

Example 4.4.5 Let’s start with some 2 x 2 matrices.

A= ay a2 B— b1 b2 C— C1 C2
as a4 bs by c3 ¢4
Now, we will verify A(B + C) = AB + AC'. This one should give us a
nice flavor for what all of the proofs would have looked like.

L P [ (F s )

as a4 bs by €3 C4

:—a1 a2:||:b1+01 bg-i—Cz}
as Qg4 bs+c3 byi+cy

_ [ al(bl +Cl)+a2(b3+03) al(b2+02) +a2(b4+04) :|
az(b1 +c1) + as(bs +c3) asz(bz + c2) + as(by +cq)

_ [ a1b1 + a1cq + asbs + ascs  arby + ajco + asby + asey
azby + azcy + asbs + ascs  asby + azcy + asbs + ascy

- [ a1b1 + (l2b3 a1b2 + agb4 aicy + agcs
asb; + asbs  asbs + asby azcy + agcs

aics + asey }
=AB + AC

a3Cz + a4Cy

Now that you’ve seen Example 4.4.5, you can imagine how the general proofs
for these statements go.”’

There’s something cool we get as a consequence of these properties.

Corollary 4.4.7 Let A € M., «xm. There is a linear transformation
MA: mep — MnXp
defined by M 4o(B) = AB for any B € M, xp.

The proof of this is a wonderful application of Theorem 4.4.6 that you should
expect to see as an exercise.

30: & I always knew you authors
were dirty cheaters! How dare you not
include the proof?! I know Nicky, for
one, will never forgive you.

‘E Umm. .. I know the proof here, and
I’'m actually good with the fact that they
chose not to show it.

8

faction!

Really? I'm not. I demand satis-

31: & I take back that dirty cheater
comment. Thank you for omitting these.
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Properties of the Transpose

As part of our second definition of matrix multiplication, we introduced the
concept of the transpose of a matrix. This concept will actually have some
nice connections to applications, so we should say a bit more about it. Recall
that computing the transpose of a matrix is done by taking a row vector and
making it a column vector.>” There are several nice properties of this operation.

Theorem 4.4.8 Let A, B € M,,,«xn and o € R. Then
@@ (A+B)T = AT + BT,
) (aA)T = AT, and
) (AT = A

PROOF. Some of these should be done as an exercise, but we’ll get the ball
rolling by doing a together. Suppose A = [a;;] and B = [b;;] for1 <i < n
and 1 < j < m. Then, A+ B = [a;; + b;;] by the definition of addition of
matrices. Note that we defined the transpose as swapping rows and columns,
but we can also say what happens to each entry. If a;; is in the ith row and
jth column of A, then it is in the jth row and ith column of AT, Let’s denote
this entry in AT as @;; and note that it is equal to a;;. Keeping this notational
convention, we can denote the entry in the jth row and ith column of (A+ B)7
as a + b;; and it will be equal to a;; +b;;. This is then equal to @;; +bj;. Thus,
(A+ B)T = AT + BT, O

This next one is a fun property.

Theorem 4.4.9 Let A € M, «p, and B € M,y,. Then
(AB)T = BT AT.

PROOF. Itis easy to check that both (AB)”, BT AT € M, «n. Let ¢;; be the
entry in BT AT in the ith row and jth column. By Theorem 4.4.5, ¢;; is the
inner product of the ith row of BT and the jth column of A”'. This is the same
as the inner product of the j row of A and the ith column of B. It follows that
¢;j is also the entry in (AB)” in the ith row and jth column. O

Row Operations as Matrix Multiplication

We’ve now discussed several matrix operations and seen how they are tied
closely to analogous operations on linear transformations. One we haven’t
yet connected back to linear transformations is row operations, so let’s do that
now. Let A € M,,«,,. Since each of our row operations on A treat an entire
row of A the same, there is actually a linear transformation 7;.: R™ — R™ for
each of the row operations r. For example, the row operation that swaps the
first two rows of A corresponds to the linear transformation 77, 7, : R" —

32: ‘B Or vice-versa, right?
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R™ defined as

Z1 Z2

Z2 Z1
T’F1(—)’?2 . =

In In

Swapping any other rows would be similar. The row operation that scales the
first row of A by a nonzero scalar k£ € R corresponds to the linear transforma-
tion Ty 7 : R™ — R™ defined as

il ki.]?l

T2 €2
Thi -7 . =

T T

Scaling any other rows would be similar. The row operation that replaces the
first row with the sum of the first row and the second row scaled by £k € R
corresponds to the linear transformation T, 4 k7, 7 : R™ — R™ defined as

I xr1 + k.’EQ

T2 T2
T’F‘l“rkFZ*}'f_"l . =

In Tn

As before, doing this with other rows would be similar. Each of these linear
transformations then has a matrix representation £, with respect to the stan-

dard basis.
0 1 0 k 0 0
1 0 0 0 1 0
EF1<—>F2 - : : .. . Ekﬁ%ﬁ -

0 0 1 0 0 1
1 k 0
0 1 0

Er gy = S
00 --- 1

Now, we didn’t actually prove that these were linear transformations or that )
these were the matrix representations.”” Since this section is already gettinga  33: & I believe that these are linear
bit long, we’ll relegate these formalities to the exercises. transformations. Seems pretty obvious.

We defined these to correspond to row operations, but each linear transforma- ‘E Didn’t you demand satisfaction for
tion, E,: R” — R", will really only convert a column at a time. However,  matrix addition just a couple of pages
using our definition of matrix multiplication and Theorem 4.4.7, we can define ago?

E.: Myxm — Myxm by

E,A=E.[d,dy - Gm) = [EvGy Bvdy - Eydim).

This means we can row reduce A using matrix multiplication! These matri-
ces that correspond to row operations are important enough to have their own
name.
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Definition 4.4.5 We call E € M, «,, an elementary matrix if for any A €
My scm, the matrix EA is the matrix A after performing a row operation

on A.

If we look at the specific elementary matrices we’ve seen so far, they are all
one row operation away from the identity matrix 7,,.

Theorem 4.4.10 If B € M, «, is the result of performing a row operation
on a matrix A € My, x.m, and E is the result of performing that same row
operation on I, then B = E A.

This is very convenient. If you want to do a row operation to A, then you could
just do it to I,, and multiply that with A, and you get the same result as if you
did the row operation to A. The proof of this theorem has a very similar flavor
to how we found the E, above, so we will omit it.**

Example 4.4.6 Let’s see it in action though. Let us define

2 1 0
A= -1 3 -2
11 1

Suppose we would like to swap the first and third rows of A. Then the
appropriate elementary matrix £ would be

00 1
E=FEpom=|0 10
10 0

This is exactly the identity matrix with the first and third rows swapped.
Now,

0 0 1 0 1 1 1
FA=[0 1 0 -1 3 -2 |=|-1 3 -2
1 0 0 1 2 1 0

Exploration 120 Consider the matrices A and B below.

A:1320 B:1320
4 3 00 0 -9 -8 0

Find the elementary matrix F such that B = FA.

Section Highlights

» Matrices of the same size can be added. Combining this with scalar
multiplication of matrices gives us the fact that the space of matrices
of a given size forms a vector space. See Theorem 4.4.2.

» A matrix of size m X n and a matrix of size n X k can be multiplied
to form a matrix of size m x k. This multiplication is the matrix

34: t’% CHEATERS!
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equivalent to function composition for linear transformations. See
Definition 4.4.2 and Theorem 4.4.4.

Since function composition is not commutative, matrix multiplica-
tion is not commutative. See Example 4.4.2.

The n x n matrix, I,,, that has 1°s on the diagonal and 0’s everywhere
else is called the identity matrix. Multiplying a matrix by I,, does not
change the matrix. See Definition 4.4.4.

The transpose of an m x n matrix is the n X m matrix formed by
turning rows into columns (or vice versa). See Definition 4.4.3.

Elementary matrices are matrix representations of row operations,
providing a way to do row operations as matrix multiplication. See
Definition 4.4.5 and Theorem 4.4.10
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Exercises for Section 4.4

4.4.1.Perform the indicated operations.

1 2 0 1 10 2 010

(a){—l 3]+[2 2] (d)3[313}_2[222}

12 0 1 10 27" 01 07"

s[4 5]-[5 2] :

-1 3 2 2 @315 1 3 219 2 9

© L0 2] 1010
31 3 2 2 2

4.4.2 Multiply these matrices.

(a)‘1 2770 1 1 21 0 3 1
| -1 3 ][22 e | -1 3 2 2 2 -1
) 1 10 1 -1 -1
1 2770 1 3

(b)_—l 3“222} .

T 0
1 0 -1
[ 1 21 03 (f)[—llz}Ql

© | 1 3 o 2 2 1 -2
- 1 -1
1 2 17[0 3 Ly (q7[0 3 g

@ | -1 3 2 2 2 (g)[_132] 2 2
L1 10 1 -1 1 -1

4.4.3 Let

-7 8

1 2 3 7 8
A:[ ] B:[ } c=| 9 10
4 5 6 9 10 11 1

) 7
D:[_6], E = 9|, F=[-8 10 12|

—10

Compute the following matrices if it is possible. If it is not possible, draw your best dragon.

(a) AB (f)y FE
(b) BA (g) B(AE)
(c) C(BD) (h)y CE
(d) B(CD) (i) (FC)D
(e) EF () (DF)C

4.4.4.Row reduce the matrices to reduced row-echelon form and find the elementary matrices for each row opera-
tion.
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@ 1 2 1 -1 07
| -1 3 (d | -1 0 3
_ . 0 0 1 |
1 0
2 -1 07
[ 1 2 0 (e) -1 0 1
© | -1 0 3} | 0 0 1 |
4.451LetT: R? = R?and S: R? — R3 be defined by
T T+ X2
7| :[“*5@”3} and s([ﬂ): s
3 x2
I3 3$1

(a) Find the matrix representation A for 7" and the matrix representation B for S with respect to the
standard bases for R? and R3.

(b) Compute AB and BA.
(c) Verify that the matrix for T o S with respect to the standard basis for R? is AB.
(d) Verify that the matrix for S o T with respect to the standard basis for R3 is BA.

4.4.6.Verify the associative property for matrix multiplication for 2 x 2 matrices. That is, show

(e alls AD0e wl=1e (s 2]l v )

4.4.7 . Verify the left distribution of matrix multiplication for 2 x 2 matrices.

4.4.8.Verify Theorem 4.4.9 for 2 x 2 matrices.

4.4.9 Prove Theorem 4.4.1. That is, verify these maps are linear transformations.
4.4.10.Prove M 4 from Corollary 4.4.7 is a linear transformation.
4.4.11.Complete the proof of Theorem 4.4.8. That is, let A € M,,,«,, and « € R.

(a) Prove (aA)” = AT,
(b) Prove (AT)T = A.

4.4.12.Prove the following are linear transformations and verify the matrix representations with respect to the
standard basis as stated in the text.

@ T or,

(b) Tk)T_ﬁ *)7_“1
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©) Tr 4o
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4.5 Invertible Matrices

In the previous section, we learned about matrix multiplication and how it
strengthens the connection between matrices and linear transformations. Well,
when you hear multiplication, often you think about division as well. Really
though, you are thinking of a way to “undo” the multiplication.>> While we do
not have a concept of division for matrices, we do have an “inverse” of a ma-
trix. This will match what you would expect from our discussion of inverses
of functions from Section 3.1 because of the connection between matrix mul-
tiplication and composition of linear transformations, and our row operations
will give us a nice computational algorithm to compute these inverses when
they exist. We’ve given away enough of what’s coming; we should just get
started.

Matrix Inverses from Linear Transformations

Matrix representations have already proven to be a very convenient tool for un-
derstanding pretty much everything about linear transformations, so it should
come as little surprise that they also simplify determining invertibility and
finding inverses for linear transformations as well.*® Recall Definition 3.1.4;
for vector spaces V and W and the linear transformation 7: V' — W, we call
S: W — V the inverse of T if

» forany v € V, (SoT)(¥) = ¥and
» forany & € W, (T o S) (W) = w.

Moreover, we know from Theorem 3.1.3 that T is invertible if and only if it is
both one-to-one and onto; thus, a linear transformation is invertible if and only
if it is an isomorphism. Since 7' is an isomorphism, we also know that V' and
W are isomorphic, so by Corollary 3.3.6, they must have the same dimension.

If A and B are matrix representations of 7" and S respectively, then we know
A, B € M,,,, for some n since V and W are the same dimension.”” To keep
things from being too crazy, let’s restrict these matrix representations to be
relative to a specific chosen basis for V' and also a specific chosen basis for
W. In this context, we see that the criteria for invertibility above becomes the
following. For the linear transformation 74 : R® — R", we call Sg: R" —
R™ the inverse of T4 if for any & € R”,

(Sp o Ta)(Z) = BAT = & = AB¥ = (T4 o Sp)(%).

From Definition 4.4.4, we already know the identity matrix I, is a matrix such
that I, = & for any £ € R™. That’s not all. .. well, actually, that is all.

Theorem 4.5.1 The identity matrix I,, € M, «., is the unique matrix such
that for all ¥ € R", I, = Z.

PROOF. Suppose there is some matrix A = [@7 - - - @] € M, xp, such that for
all ¥ € R™, AZ = £. We also know that for all ¥ € R", [, = &, so for all
T € R™, we have

1,7 = AT,

35: & I was told that subtraction and
division are a lie and that fields only
have two operations, usually thought of
as addition and multiplication.

@ Wha? Ricky?

‘é That’s right. Subtraction and divi-
sion are just the inverse operations of ad-
dition and multiplication, respectively.

@ Oh. You.

36: ‘B Is there an isomorphism be-
tween matrix stuff and linear transfor-
mation stuff?

No. Maybe a one-to-one and onto
function, though. You’d still probably
have to be quite finicky about how you
define your domain and codomain.

‘é Exercise!

37: [‘E Did you catch that these are
square matrices?

5
Wait, did we define a square ma-
trix anywhere?

8

didn’t, it’s just a matrix with the same

You’re asking me? In case we

number of rows and columns.
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In particular, for any 1 < j < n, we have €; = I,,e; = Aé; = d;. Thus, the
columns of A are the vectors é7,...,€,,s0 A = I,. O

Thus, the linear transformation 7’4 above is invertible if and only if there is
another linear transformation Sg such that AB = I,, = BA. This motivates
the following definition.

Definition 4.5.1 A matrix A € M, «,, is invertible if there is another matrix
B € M,,«n, such that
AB =1, = BA.

We call the matrix B the inverse of the matrix A and denote it as A~".

Example 4.5.1 Here are a few matrices. Let’s see if they are inverses of
each other.

1 2 0 1 -5 =2
A = B = = .
o R R
It’s easy to check that AC = C A = I, but AB # I and BC # I5. Thus,
C is the inverse of A (and vice versa). Thatis, C = A='and A = C—L.

Note that this definition is stated just in terms of matrices and matrix multi-
plication. The concept of an inverse here is really “undoing” matrix multi-
plication, so it’s our form of “division.” Note that it only works for a square
matrix, and even then, there will be many square matrices that are not invert-
ible. Just like we can’t divide by 0, there will be some square matrices with
no inverses.’® By the discussion prior to the definition and Theorem 4.4.4, we
then have the following theorem.

Theorem 4.5.2 A matrix A € M., x, is invertible if and only if the induced
linear transformation T 4 is invertible.

That’s great! To tell whether a matrix is invertible, we just need to check
whether the induced linear transformation is both one-to-one and onto. Maybe
it’d be better, though, if we could tell this from the matrix itself. Let’s revisit
these concepts now that we know more about matrices.

One-to-one and Onto Using Pivots

In Chapter 3, we learned that a function is one-to-one if every element in the
domain is mapped to a distinct output in the codomain. For linear transforma-
tions, Theorem 3.3.1 told us that a linear transformation will be one-to-one if
and only if its kernel is just the zero vector. We can restate this now using a
matrix equation to better align with our recent discussions.

Theorem 4.5.3 A linear transformation T : V. — W with matrix represen-
tation A € M, xr, is one-to-one if and only if the matrix equation AT = 0
has only the trivial solution, ¥ = 0.

PROOF. This follows immediately from Theorem 3.3.1 and the definition of
Ker A. O

38: & Do you hear Jimmy Buffett
music? I hear Jimmy Buffet suddenly
for some reason.

@ What’s he singing?

8

@ Nope. It’s just you.

...something about boats?
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We also saw in Theorem 3.5.5 that a linear transformation will be one-to-one if
and only if the columns of the matrix representation are linearly independent.
We can now use row reduction to determine this, so we can make the following
statement.

Corollary 4.5.4 A linear transformation T': V. — W with matrix represen-
tation A € My, «n, is one-to-one if and only if every column of A is a pivot
column.

PROOF. This is a restatement of Theorem 3.5.5 using Theorem 4.3.1. O

Exploration 121 Suppose the matrices below are matrices corresponding to
linear transformations. Which ones correspond to a linear transformation that
is one-to-one? Circle them.

é_iigi 1 -1 0 2
0011’8(1)_11’
0 0 0 0

1 -1 2

0 1 -1 1 1_1
0 0 1|’

0 0 1 0 0

That was so effective! It turns out detecting whether a linear transformation is
onto can be similarly efficient. We learned in Chapter 3 that a function is onto
when everything in the codomain appears as an output for some input from the
domain. For linear transformations, we saw that the desired version is that the
image is equal to the codomain. We shall restate the definition of onto in the
context of matrix equations first.

Corollary 4.5.5 A linear transformation T: V — W with matrix repre-
sentation A € M, x,, is onto if and only if for every b € R™, the matrix
equation AZ = b has a solution.

PROOF. This follows immediately from the definition of onto, Theorem 3.5.2,
and Theorem 4.1.1. O

We also saw in Theorem 3.5.5 that a linear transformation will be onto if the
columns of the matrix representation span the codomain. From Theorem 4.2.8,
we know the dimension of the image will be equal to the number of pivot
columns. The dimension of the codomain is equal to the number of rows, so
for a linear transformation to be onto, we need the number of rows to be equal
to the number of pivots. Since each row can have only one pivot, we can state
the following theorem.

Theorem 4.5.6 A linear transformation T : V. — W with matrix represen-
tation A € M« is onto if and only if A can be row reduced to have a
pivot in every row.

PROOF. Read the paragraph before the theorem. That’s the proof. g
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Exploration 122 Suppose the matrices below are matrices corresponding to
linear transformations. Which ones correspond to a linear transformation that
is onto? Circle them.

AR TI
oo i n
0 0 0

1 -1 0 2

0 1 -1 1 1_1
o o0 1 1]’

0 0 1 0 0

Now that we’ve talked about both one-to-one and onto, what about matrices
for linear transformations that are both? We know for this we need to only
consider square matrices. In this case, a pivot in every column is equivalent to
a pivot in every row. This agrees with our expectations from Theorem 3.3.11
that a linear transformation between spaces of equal dimension will be either
both one-to-one and onto or neither. This also gives us a nice condition for
when a linear transformation is invertible.

Corollary 4.5.7 A linear transformation T': V. — V with matrix represen-
tation A € M, «n, is invertible if and only if A has n pivots.

Computing the Inverse

When dealing with 2 x 2 matrices, there is a convenient formula for the inverse
when it exists. This formula can be computed using a bit of algebra, and we’ve
included just such a computation for you in the exercises. For now, we’ll just
tell you the answer though.

Theorem 4.5.8 Given the matrix
a b
A =
o)

in Mayo, the inverse is given by the formula

1 d —b
Al =
ad — be [ —c a ]

if ad — be # 0.

Exploration 123 Use Theorem 4.5.8 to find A~! for

=155

Now we know how to find the inverse of a 2 x 2 matrix, but what about other
for larger matrices? Well, from Theorem 4.5.2 and the discussion preceding
it, the inverse of a matrix A is the matrix for the inverse linear transformation
T;l. Now, how do we find this matrix? Coordinate vectors!
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Example 4.5.2 Let’s use a 2 x 2 matrix so that we can check our work with
the formula from Theorem 4.5.8. Let

1 -1
A= .
=y
Now, with the goal of understanding T;l, let’s begin by finding where T4
maps the standard basis vectors €} and 5.

n(éa):[; :;HHZ{H

n@=|, S)[1]=[ 5]

Note that we just recovered the column vectors from A here! This is al-
ways what happens when we input the standard basis vectors to our linear
transformation. Also, we can see that

s-{5i-[ 1] -] 3]}

is a basis for R2, so T4 is an isomorphism and A is invertible. Now, we
know T, ' : R? — R? is the linear transformation such that

4.27) TAl(HD:{H
(4.28) Tf({:”):[”'

Now, to find the matrix for 7', we need to determine 77, '(¢;) and
T, '(&,), but we only know what Tgl(gl) and Tgl((_)’g) are from Equa-
tions 4.27 and 4.28. If only there was a way to write €; and €5 as linear
combinations of 51 and 52. ..wait! There is! For this, we must find the co-
ordinate vectors for €; and €5 with respect to the basis 5. We can do this
with row reduction!

1 -1|1 0 1 -1 1 0 1 03 -1
2 —-3|0 1 0 —-1|-2 1 0 112 -1
This says that €; = 351 + 252 and ey = 751 — 52. Most important for

our purposes though, we have that 7' (€;) = 3Tgl(51) ot 2Tg1(52) =
3€1 + 252 and Tgl(gz) = —Tgl(gl) - Tgl(gz) = —51 — €2. That iS,

1 3
T:! =
(o )-15]
0 -1
Tt = .
“()-15]
Thus, the matrix representation for T;l with respect to the standard basis
of R? is
3 —1
B = .
o)

Note that this was exactly the right side of the augmented matrix we used
for our row reduction. Because we are using the standard basis here and the

matrix we started with was invertible, it will always work out like this. If the
matrix we started with had not been invertible, we would have still gotten
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column vectors as our outputs when we input the standard basis vectors to
T4, but these would not have formed a basis.

This method using row reduction gives us an algorithm for both determining
invertibility and computing the inverse of the matrix when it exists.

Exploration 124 Use the formula for the inverse of a 2 x 2 matrix from The-
orem 4.5.8 to check our answer from Example 4.5.2.

Theorem 4.5.9 Suppose A € M,,x, is an invertible matrix. Then the aug-
mented matrix [A|I,,] row reduces to [I,|A™1].

The proof for this is essentially replacing the specific 2 X 2 matrix in Example
4.5.2 with a general n x n matrix. We’ll save that for the Appendix.*” There is
also an alternative way to think about computing the inverse, but the outcome
is this same algorithm. Note that we row reduced A to the identity matrix as
part of Theorem4.5.9. There’s a corollary there.

Corollary 4.5.10 A matrix A is invertible if and only if it is row equivalent
to an identity matrix I, for some positive integer n.

Therefore, if a matrix A € M,,«,, is invertible, there is a sequence of row
operations {r1,7a,...,7} sending A to I,,. Converting this into elementary
matrices gives us that

I,=E. (- (E,(E,A) = (E., - E,E;)A.

Thus, another way to find A~ is to compute (E,, - - - E,, E,, ). Via Theorem
4.4.10, each of these matrices is obtained by applying the corresponding row
operation to the identity matrix I,,. Thus, to compute A~! with this method,
we start with the identity matrix and then perform the same row operations as
we used to row reduce A, in the same order. Thus, we can view Theorem 4.5.9
as keeping track of our elementary matrices with the augmented portion of the
matrix.

Now that we’ve explained why our algorithm for computing the inverse works
in two different ways, let’s actually see it in action.

Example 4.5.3 Here’s a matrix:
1 2 3
A=14 5 6
7 8 9
Let’s see if we can find an inverse. Well, after row reducing, we have
1 0 -1
A— | 0 1 2 |,
0 0 0

39: @ You can keep your row reduc-
tion proof.
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so A is not invertible. Alright. Let’s try

1 -2 6 1 0 0
B=|1 -3 2 (=10 10
0 0 1 0 0 1

Good. B is invertible. Oh, drat! We forgot to augment B with the identity
matrix. Well, at least it was easy to row reduce. Let’s augment B with I3
and try again.

1 -2 6/1 0 O 1 0 0|3 2 -—-14
B|)=1 -3 20 1 0|~|0 10|11 -4
0 0 1{0 0 1 0 0 1(0 0 1

3 2 —14

Thus, B~'=]1 1 —4

0 0 1

Exploration 125 Now it’s your turn! Find the inverse of the matrix below
using the method of augmentation by Is.

1 01
B=|1 -1 1
1 2 2

Nice job! Now, check your answer by multiplying the original matrix by your
new suspected inverse. Did you get I3? If not, you might need to check your
row reduction.

Matrix Inverses and Equations

Maybe now is a good time to think about why we should care about the inverse
of a matrix. The inverse of a matrix will eventually turn out to be useful in a
lot of contexts, but the definition alone immediately provides a great tool. To
solve the equation 2z = 4 for x, we know we should “divide both sides by
2.” However, what we’re really doing is multiplying both sides of the equation
by the multiplicative inverse of 2.°° Now suppose we have a matrix equation
AZ = b. If Ais invertible, we can employ the exact same strategy. If B is the

40: & See! I told you!
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inverse of A, then we have AB = BA = I, so multiplying both sides of our
matrix equation by B, we have

BAZ = Bb,
and
Z = I, = BAZ = Bb.
We can solve for & by multiplying by the inverse of A. This can be very
convenient.

Exploration 126 Suppose the inverse of A € Moy is

-1 2
B= .
2]
Solve the matrix equation
42
AZ = .
]

Section Highlights

» A matrix A is invertible if and only if its induced linear transforma-
tion T4 is invertible. This also means there is an inverse matrix A~}
such that

AA T =1, =A"1A.
See Definition 4.5.1 and Theorem 4.5.2.

» The inverse of an invertible matrix A is computed by augmenting A
with an appropriately sized identity matrix 7,, and row reducing to
reduced row-echelon form. The inverse is the resulting augmented
side. See Theorem 4.5.9.

» A linear transformation is onto if and only if the row reduced form
of any matrix representing it has a pivot in every row. See Theorem
4.5.6.

» A linear transformation is one-to-one if and only if the row reduced
form of any matrix representing it has a pivot in every column. See
Corollary 4.5.4.
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Exercises for Section 4.5

4.5.1.For each matrix, row reduce to determine whether the corresponding linear transformation is one-to-one,
onto, both or neither.

(1 0 T 1 0 1
(a)_ 1} @ | -2 1 -2
o 101 1
(b)gog] [ 1 1 1
) e | -2 1 -2 1
1 0 1 1 1
© | -2 1 -2 )

1 1

4.52LetT : R? — R? be defined by

1 T1 — T2+ 23
T T2 = I3
€3 €3

Find the matrix A that represents 7" on the standard basis vectors for R3. Use this matrix to determine whether
T is one-to-one, onto, both or neither.

4.53.LetT : R® — R? be defined by

X1 xr1 — To + I3
T i) = 1+ a3
T3 T2

Find the matrix A that represents 7" on the standard basis vectors for R3. Use this matrix to determine whether
T is one-to-one, onto, both or neither.

4.5.4 Determine whether the following matrices are invertible. If the matrix is invertible, find the inverse.

(a)'12 [ 1 0 2
12 2 ® | -2 0 —4
_ . 01 2
1 -2

(b)__24} [ 1 0 1
_ @ | -2 0 0
1 0 010

(C)__Qg]

1 -2 1

[ 2 -2 thy | =2 1 4

d

()_—2 2} 1 11
[l 2 (1 0 1

e | -2 1 —4 @lo0o 1 4
L 1 1 2 |2 1 1
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3 2 6
455LetA=| -2 2 —1 | and
0 1 1
—1 1 -2
51: 1 y 52: 1 3 and 53: -1
0 1 -1

Find the inverse of A and use it to solve AX = 51, AT = 52, and AX = 53.

4.5.6.Find a matrix representation for the linear transformation to determine whether it is invertible.

(a1

(@) T:R? — R? defined by

(b) T: R? — R? defined by
T ( X1 > _ Tr1 — T2
o —I1 + X2

(c) T: R? — R3 defined by

1 Tr1 — T2
T X9 = —21 + T2
I3 I —+ T2 —+ xIs
(d) T: R? — R3 defined by
X1 T — T2
T To = —T1 + X2
T3 T1 — T2+ T3

4.5.7.Let’s see if we can find the general formula for the inverse of a 2 X 2 matrix using just matrices. Given a
matrix A € Moy, we want to find a formula for a matrix B such that AB = BA = I,. Let

_la b e f
] el ]

We need to solve for e, f, g, and h in terms of a, b, c and d so that AB = BA = I,.

(a) First, calculate AB.

(b) We want this result to be I5, so use the fact that we should have 0 in two of the four components to
solve for f and g in terms of the other constants.
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(c) Substitute these expressions for f and g into the two expressions that should be equal to 1 and solve
for e and h.

(d) Now you can substitute your expressions for e and h back into your expressions for f and g. You
should now have e, f, g, and h in terms of a, b, c and d. A little more algebra should yield a nice
formula for you.
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4.6 Matrix Theorems

In this section, we’ve combined several nice results about matrices. The main
work for these results has already occurred, so the goal here is primarily orga-
nize them and to remind you of them.

Subspaces Induced by Matrix Representations

First, let’s introduce a new subspace related to a matrix. It shouldn’t be sur-
prising though since we know that each row is a vector.

Definition 4.6.1 For a matrix A € M., «xn, let 7; be the vector formed from
the ith row of A for each 1 < i < m. The row space of A, denoted Row A,
is the span of these row vectors. That is,

Row A = Span{7,...,7m}.
Theorem 4.6.1 For a matrix A € M, «n, Row A is a subspace of R™.

PROOF. This follows from Theorem 3.6.3 by taking the transpose of your
matrix. 0

Now for something really cool. Suppose we have a linear transformation
between two inner product spaces. We have fun subspaces of domains and
codomains for linear transformations (the kernel and image, respectively), but
what about the rest of the domain and codomain? You would not be shocked
to find that the orthogonal complement of the kernel is a subspace of the do-
main,*' and the orthogonal complement of the image is a subspace of the
codomain (Theorem 2.4.2). What is surprising is that these orthogonal com-
plements are also given by the matrix representation for the linear transforma-
tion. Behold!

Theorem 4.6.2 Suppose V and W are inner product spaces. LetT : V —
W be a linear transformation represented by the n x m matrix A. Then

Ker A= (Row A)" and Ker AT = (Col A)*.

PROOF. Let A = [a;5]forl <i<mand1l < j<m,let7forl <i<m
be the row vectors of A, and let @; for 1 < j < n be the column vectors of A.
Then

T € Ker A
& AZ=0
= x1&'1+~~~+xnd'n:6
ail A1n 0
&S 1 : +ta, : =
am1 Amn 0
& rai + -t xpa, =0forl <i<n

& T, =0forl <i<n.

41:‘§ The orthogonal complement of
the kernel is even isomorphic to the im-
age from a theorem in Section 3.3.
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Thus, £ € Ker A if and only if it is orthogonal to every row of A. Since
Row A is the span of the rows of A, the result follows. The other equality is
then achieved by noting Row A7 = Col A. 0

Exploration 127 Consider the matrix

10 1
01 -1
A=111 o
2 2 0

Find Ker A and check that it is orthogonal to each row vector.

Find Ker A7 and check that it is orthogonal to each column vector.

Corollary 4.6.3 Let A be an n X m matrix with induced linear transforma-
tionTy4: R™ — R™. Then

dom (T4) = Ker A@Row A and codom (T4) = Col A @ Ker AT,

We are now able to complete the vector spaces in our big commuting diagram;
see Figure 4.3.

V =dom (T = codom (T
Ker T+ Imag T
Ker T Imag T+

V W
Row A T Col A
@ 4 @
Ker A Ker AT
R™ R™

FIGURE 4.3. Some people refer to this as “the splits” of
dom (T'4) and codom (T').



SUBSPACES INDUCED BY MATRIX REPRESENTATIONS 302

Theorem 4.6.4 (Invertible Matrix Theorem) Ler A € M, «,, and let
T: R™ — R"™ be defined by T(¥) = AZ. Note that the matrix A is a
square matrix, one where the rows and columns have the same length. The
following are equivalent statements.

(a) A is invertible.

(b) A can be row reduced to I,.

(c) T is invertible.

(d) T is one-to-one.

(e) T is onto.

(f) A has a pivot in every column.

(g) A has a pivot in every row.

(h) The columns of A are linearly independent.

(i) The rows of A are linearly independent.

() Ker A = {0}.

(k) AT is invertible.

PROOF. Let’s actually take it from the top and bottom here. We know from
Theorem 4.4.9 that (AB)T = BT AT. Now, A is invertible if and only if there
is some matrix B such that AB = I,,. Combining this with the fact that the
identity matrix is its own transpose gives us

I, =I" = (AB)T = BT AT,

Thus, BT is the inverse of AT if B is the inverse of A. Since (AT)T = A,
we see that A is invertible if and only if A” is invertible. From this point, the
equivalence of all of these statements follows from previous theorems, mostly
contained or mentioned in the previous section. d

You should definitely believe every one of the statements in this theorem is
equivalent to all the others at this point. We’ve definitely proved all of these
results independently. If you are the slightest bit suspicious*” about any of
these connections, you should find the theorem and definitions in sections past
that prove it.**

Example 4.6.1 Let’s check whether the following matrices are invertible.
Let

1 2 3 0 2 3 1 2 3
A=|0 4 5 |, B=|0 4 5|, and C=|0 4 6

0 0 6 0 0 6 0 2 3
A is invertible for any of the eleven reasons on Theorem 4.6.4. B and C are

not, again for any of the ten reasons.

Exploration 128 Determine whether each matrix below is invertible without
performing any row operations. Note which part of the Invertible Matrix The-
orem you use.

42: {E I am!

43: [B Fine! T will!
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Change of Basis Matrices

Our next topic is one we’ve seen in some examples, but we’re finally ready to
give it a proper discussion. We’ll start, though, with an example.

Example 4.6.2 Let
1 -1 0
B = 1], 1], 1 ,
1 0 -1

which is a basis for R3. We can consider the coordinate map
op: R* — R3 defined as 5(7) = [v] .
Then the matrix representation for i with respect to the standard basis is

B=[@&ls - [@lg]
To find this, we need to compute all the coordinate vectors for the standard
basis vectors with respect to 5. We can do this by augmenting the vectors
of B with the standard basis vectors and row reducing. Does this sound
familiar though? It should. Theorem 4.5.9 gave this as the algorithm for
finding the inverse of a matrix. Let’s see what this gives us.

1 -1 01 0 O 1 0 0 1/3 1/3 1/3
1 1 10 1 0[—=1]0 1 0|-2/3 1/3 1/3
1 0 =110 0 1 0 0 1 1/3 1/3 —-2/3
Then
1/3 1/3 1/3
C=| -2/3 1/3 1/3
1/3 1/3 -2/3

It turns out that the matrix we were finding the inverse for is actually the
matrix representation for npgl, the linear transformation that converts a co-
ordinate vector for BB into a vector on the standard basis. Let’s call our
matrix representation of gagl here P since it’s the one that’s easier to find.
Then we have

1 -1 0
P=]1 1 1 and P l=0C.
1 0 -1

With these two matrices, we can efficiently travel back and forth between the
standard basis and our basis 13! We can even use these two matrices to convert
any matrix representation for a linear transformation 7" from the standard basis
to this new basis B. We did this for a different basis back in Example 3.5.7,
but now we can use matrix multiplication instead of those methods.

Example 4.6.3 Let’s use P and P~ from Example 4.6.2 above to compute
the matrix representation for T': R? — R3 defined by

T1 T1 — T2+ T3
T T2 = xr1 + 3
z3 Z2
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with respect to the basis B. First, we need the matrix with respect to the
standard basis.

1 -1 1
A= 1 0 1
0 1 0

Now, we should think about how to construct the desired matrix. When we
think about this matrix as a function, it will have input of coordinate vectors
for B and output of coordinate vectors for B. Consider then the product
P71AP.
» Since we read function composition right to left, we see that this
will first apply P, which converts a coordinate vector for B to a
vector in the standard basis.
» Then A will map this according to the linear transformation 7.
» Finally, by applying P~!, we convert the output of A to be a co-
ordinate vector for 5.
This then will produce the matrix representation for 7" with respect to the
basis B.

1/3 1/3 1/3 1 -1 1 1 -1 0
P'AP=| —2/3 1/3 1/3 1 01 11 1
1/3 1/3 —2/3 | 10 -1

[ 4/3 —2/3 —2/3 ]
=|1/3 4/3 4/3

| 1/3 —=5/3 =5/3 |
Since we have an alternative method for finding this matrix representation,
we can check that this method produces the same matrix representation. By
“we” there, we mean you. You should check this.**

Exploration 129 Use the method from Example 3.5.7 to find the matrix rep-
resentation of 7" above with respect to the basis B.

The matrices P and P~! were examples of change of basis matrices. Specifi-
cally, P~! is the change of basis matrix from the standard basis to the basis B
and P is the change of basis matrix from the basis B to the standard basis. We
can do this, though, with any two bases.

Definition 4.6.2 Let V' be an n-dimensional vector space with bases

B ={b1,bs,...,by} andC = {G1,@,...,Cn}.
Define the isomorphism
ve: V= V by ppsc(C) = gifor eachl < i <n.

Then the change of basis matrix from B to C is the matrix for pg.c with
respect to the basis C. In particular, it is the matrix Ppyc € M« defined

44: ‘B Explore!
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o = [, [

Note that the inverse of a change of basis matrix is again a change of basis
matrix. Perhaps that should be stated as a theorem.

by

Theorem 4.6.5 For any two bases 1B and C of a vector space V, we have

—1
Pgye = Pesp.

PROOF. This follows directly from the definition since we can quickly see
S"gplc = @eep- Thus, the matrix representations will also be inverses of one
another. n

When we combine the definition of our change of basis matrix with our method
from Section 4.3 for computing the coordinate vectors, we see there is a handy
algorithm like Theorem 4.5.9 that we can use to compute these matrices.

Theorem 4.6.6 Let B = {51, 52, ce l;n} andC = {c1, ¢, . ..,Cy} be bases
for R™. Then the matrix

[G1 Gy - é’n\gl by - 5n] row reduces to [I,|Pgsc] -
Similarly,
[b1 by -« by|Cy G - -+ €] row reduces to [I,|Pesp] -
In the case that one of the two bases involved is the standard basis for R™, we
see that one direction will require no work and the other will only require us

to compute the inverse of a matrix. This was what happened in Example 4.6.3.
Let’s see an example between two non-standard bases.

Example 4.6.4 Let’s just do two different bases of R?. Define

s=la e lpee=tl 2[5

We can see quickly that these are both bases of R?. Now, we can construct
Pg.c and Pey using Theorem 4.6.6.

2_11_1%102_1
=1 111 0 0 113 -1

1 -1 2 -1 . 1 0]-1 1
1 0 -1 1 0 1]-3 2|
This tells us

2 -1 -1 1
PBI>C—|:3 _1:|anch>B—|:_3 2:|.

Note that these two matrices are inverses of each other, as they should be!

and

Now that we’ve defined the change of basis matrix and talked about how to
find it, let’s see what it does for us. Hopefully, it changes a basis.
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Theorem 4.6.7 Let B and C be bases for the vector space V. Forany T € V,

Ppyc |75 = [7]c -

a1
PROOF. Let ¥ € V and suppose [Z],; = | : |.Then

an

Oh, good. It is named appropriately! Let’s see an example of this theorem
in action. Note that we restricted Theorem 4.6.6 for simplicity to bases of
R™, but this algorithm works for any vector space once coordinate vectors are
computed.

Example 4.6.5 Here, let’s consider two bases of P,. Let
B={1,14+xz,z+2°}andC = {z,1 + 27 1}.

Then under the coordinate mapping using the standard basis, {1, z, 2%},
these become

1 1 0 0 1 1
B= 0|, 1],|1 and C = 1]1,{0f,]o0
0 0 1 0 1 0

We can then apply Theorem 4.6.6 to these bases of coordinate vectors to
find Pgbc.

0O 1 111 1 0 1 0jo 1 1
10 0/0 1 1|]—=|01O0|0 0 1
01 0|0 0 1 | 0 1]1 1 -1
Thus, we have
0 1 1
Pge=1]10 0 1
|1 1 -1

We can now check that this works as expected. Consider p’ = 2 + x + x2.
Then from inspection we can see

2

[Plg=| 0 | and [p]; =
1
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To see for ourselves that Pg,c converts coordinate vectors for 3 into ones
for C, we compute

0 1 2
0 0 0|=1]1
1 1 - 1

as expected.

Now that we know these matrices convert between coordinate vectors for dif-
ferent bases, we can expand them to matrix representations of a linear trans-
formation.

Corollary 4.6.8 Let vector space V have bases B and C and T: V. — V
have matrix representation B with respect to B and C with respect to C.
Define the matrix P € M, «p, by

P = Pgy,c = Hlﬂc'“ WJ '

Then we know
C = PBP~! and B =P 'CP.

This was what we did in Example 4.6.3, but it’s worth seeing again.

Example 4.6.6 Consider the linear transformation 7': R? — R? defined by

X1 xr1 — To + I3
T ) = 1+ 3
z3 T2

Let’s find the matrix for this linear transformation with respect to two dif-
ferent bases of R3. First, the standard basis £ = {7, €2, €3 }. We have

1 —1 1
0 1 0
Thus, the matrix for the linear transformation on the basis & is
1 -1 1
A=1]1 0 1
0 1 0
Let’s write the matrix for 7" now with respect to the basis
1 1 0
B=<b = 0 |,bo=1|11],b5=1]0
-1 0 1
We have
0 0 1
T)= |0 |; T(e)=|1]; Ths)=|1 [,
0 1 0

but these are vectors in coordinates relative to the standard basis £. We can
augment a matrix and row reduce to convert these to coordinate vectors for
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11 0{0 0 1
01 0f0 1 1
-1 0 10 1 O

Thus, the matrix for the linear transformation on the basis B is

0 -1 0
B=1]0 1 1
0 0 0
For notational simplicity, let’s denote
[ 1 1 0
P="Pae=[[B], [&2], [],]=| o 10
| -1 0 1
After verifying that
1 =1 07
pPl= 0 1 ,
-1 1 |
one can check that
[ 1 -1 0 -1 1 1 10
P7'AP = 0 10 0 1 010
| —1 0 1 10 -1 0 1
[0 -1 0
= 0 1 1| = B.
L0 0 O
Exploration 130 Let
1
By = 11,101,
2 0 1

This is a basis of R3. What is Pg,¢, where € is again the standard basis?

1
Now™, use the matrix Pl,;olD ¢ tofind [T]5 whenZ = | 1

45: @ Hey, have you seen Ricky?
‘6 No.

{@ It’s not like Ricky to not just be
hanging around.

ﬁ [gasping] Hey guys. I’ve been all
over this chapter.
there.

The proofs are all

‘E You know they’re all hyperlinked,
right?
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Section Highlights

» For an m x n matrix, A, the span of the rows of A forms a subspace
of R™ called Row A. See Definition 4.6.1 and Theorem 4.6.1.

» For any m x n matrix, A, there is an orthogonal decomposition of
R™ into Row A @ Ker A and an orthogonal decomposition of R™
into Col A @ Ker AT See Corollary 4.6.3 and Figure 4.3.

» There are many conditions equivalent to a matrix being invertible.
See Theorem 4.6.4.

» If B and C are both bases for a vector space V, then the change of
basis matrix Py, converts coordinate vectors for /3 into coordinate
vectors for C. See Definition 4.6.2.

» If A is the matrix representation with respect to a basis 5 for a lin-
ear transformation, then the matrix representation with respect to the
basis C is Py, APy . See Corollary 4.6.8 and Example 4.6.6.
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Exercises for Section 4.6

4.6.1.Find Ker A, Row A, Col A, and Ker AT when A is the matrix below.

(2 —4 2 1 0
@1 @11 29

=¥
® | e |1 201
. 111 1
11010 T 11
© | -10101 ® | -1 0

L0110 1 L0 1

4.6.2.Do each of these for the bases and vectors below.
» Find the change of basis matrix P that converts from the basis B to the standard basis.
» Find P71

» Use P~ to find [Z].

(a)Bz{{H’H]}; 52[130]

®B=X|1]|,|1|,|1]|% 7

|
—

(c) B=

—_
8]
Il

i

1 1 1
4.6.3.LetB= — s 11,10 . Let C be the standard basis for R3.
0 0 1

—_

(a) Find the matrix Pgyc and the matrix Peyp.

(b) Use Pgyc and Pep to convert each of these matrices to the basis B.

1 1 1 1 10 1 -1 0
A= -1 0 1 B=| -1 0 1 C=| -1 0 3
0 2 0 0 1 1 0 -1 1
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4.6.4.Let V be a vector space with bases B = {51, 52, 53} and C = {¢},Co, C3}. If

G = by + 2by + by
82 = 71)1 — b2 + b3
52 = by + b3

For Z € V, find a matrix P such that P [#]; = [Z].. Find P~! and verify that P~ [Z],,

311
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4.7 More Fun with Least Squares

Here’s a matrix equation:

AZ =1b.
Depending on A and b, sometimes this equation has exactly one solution or an
infinite number of solutions. That’s very nice; everyone likes solutions. How-
ever, from Corollary 4.2.4 we know it’s also possible that this matrix equation
has no solutions. That must be very frustrating for everyone involved. Surely
there’s something one can do in this case! We can’t just pretend that solutions
exist; Corollary 4.2.4 is pretty clear about solutions existing or not existing,
as is the binary nature of existence. However, if you find you’re stuck in that
latter case, what's the next best thing to an honest solution?*® Perhaps, maybe,
just possibly. .. an approximate one will do.

Let’s assume A € M, «n, S0 £ € R™ and b € R™. Let’s also assume some
fool picked a rotten matrix A and a lonely vector b such that AZ = b has no
solutions.

Definition 4.7.1 A least squares solution for the matrix equation AT = bis
a vector ¥ € R™ such that for all T € R",
|AZ — o]l < [|AZ — ]|

The least squares error of a least squares solution is || AZ — b|).

These are the vectors in R™ whose images are as close to b as any other image
vector. Good. In the absence of a solution to AZ = 5, these least-squares
solutions are the closest you can get to a solution, and the least squares error
quantifies how close. This inequality should look familiar; we’ve already en-
countered a situation like this. According to Theorem 2.6.1, if a vector b is not

in a subspace W, then the vector in W closest to bis proj w (5) See Figure
4.4. Using Col A as the subspace W, we have the following corollary.

Corollary 4.7.1 The least squares solutions for AT = b are the solutions to
the equation

AT = pI‘Oj Col A <l;) o

PROOF. By Theorem 2.6.1,

I proj cor a (5) =8l < 17—
for all f € Col A. By definition of column space, for every vector i/ € Col A,
there is a set of vectors £ € R”™ such that AZ = ¢, and proj col A (5) S

Col A. The result follows from defining Z to be the set of vectors such that
Az = Proj col 4 (5) O

Corollary 4.7.1 suggests a strategy for finding the least squares solutions; one
only need to solve the equation AZ = proj col 4 (5) Of course, this means

first finding, proj co1 4 (5) and to do this efficiently, you need an orthogonal
basis for Col A. Suddenly, this feels like a lot of work.

46: @ A dishonest one! Some would
argue honesty is also binary in nature.
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Hr’* Proj col A (E> \i N
:j ,,,,,,,,,,,,,,, \::: .
Ipeotcan (8) -

PTOj Col A (ﬁ)§

<y

Figure 4.4: Here’s a picture we’ve boosted from Section 2.6 and relabelled.

Example 4.7.1 Let’s find the least squares solutions for the equation AZ =
b, where

1 2 3 0
A=|2 4 6 and b= |1
0 0 1 1

One should first check that b ¢ Col A. TIt’s not? Good. Thank you for
checking. If we’re going to solve the equation AZ = proj col 4 (l;) we’d

=)

better first calculate proj cor 4 (b) so we need an orthogonal basis for
Col A. After using Gram-Schmit, we have

1 0
W= |2 |,W=|0
0 1
as an orthogonal basis for Col A. Then
. N @b @b 2. [?°
prOJColA(b)— —— W1 + 5——= W2 = —W; + Wz = 4/5
w1 - Wy wa * Wy 5

1

We know projcol 4 (5) € Col A, so the matrix equation A¥ =

Proj col 4 (5) definitely has at least one solution. We can just row reduce
the augmented matrix

1 2 3]2/5 1 2 0]-13/5
2 4 6[4/5 | =0 0 1 1
00 1| 1 00 0 0

Thus, the least squares solutions for AZ = b are the vectors

-2 —13/5
T =T9 1|+ 01,
0 1

for any real number xo. These least squares solutions have least squares
error

A 2/5
1A% — Bl = Il proj oot a (B) — Bll = || | 4/5

Y
0 5
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That didn’t feel like a great way to find least squares solutions. Perhaps you’re
beginning to despair because you thought this way was our last hope. No,
there is another. ..

We’re all tired of writing proj col 4 (5) over and over again, right? Right.
Let’s define

b = proj col 4 (b) :
Then our least squares solutions are the vectors # € R™ such that

:5’

K>

A

which looks like a totally respectable matrix equation.”’ By Theorem 2.5.1  47: 8 Especially with all the fancy

(the orthogonal decomposition theorem!), we know that b—bis orthogonal to hats!

Col A. That is,
F—be (Col A = (Span{d,...,a )",

where aq, ... a,, are the columns of A. See Figure 4.4. It follows that b—bis
orthogonal to every column of A; that is, for any column @; of A, we have

>
>

0=d-(b—1b)=(a)" (b-b).

>,

Since we have (&@;)7 (b — b) = 0 for every row vector (@;)7, it follows that

SR

AT (b —b) =0,

or ATb = ATb. Recall that AZ = 5 so we have
ATAZ = ATh
for any # € R". Wow. That seems like a very conventional equation that we

got by exploiting orthogonality. I wonder what we should call it.

Definition 4.7.2 The normal equation for a matrix A € M, «., and a vec-
torb e R™ is
AT Az = AT,

We just proved the following theorem.

Theorem 4.7.2 For a matrix A € M,,,xn and a vector b € R™, avector
i € R" is a least squares solution for AX = b if and only if Z is a solution
to the normal equation

AT A% = ATb.

Since Corollary 4.7.1 indicates that least squares solutions to AZ = b are
solutions to AZ = proj col A (5), and proj co1 A (5) € Col A, we know that
least squares solutions always exist. Thus, we have another fun corollary:

Corollary 4.7.3 For a matrix A € My, «xn, the normal equation AT AT =
ATb always has at least one solution.
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Example 4.7.2 Let’s find the least squares solutions (again!) for the equa-
tion AZ = b, where
1 2 3 0
A=|2 4 6 and b= | 1
0 0 1

By Theorem 4.7.2, we want to find the solutions to AT AZ = ATb. Note
that

1 2 0 1 2 3 5 10 15
ATA=12 4 0 2 4 6 |=]10 20 30 | and
3 6 1 0 0 1 15 30 46
1 2 0 0 2
ATh=|2 4 0 1|=1|4
3 6 1 1 7
Thus, we need to solve the matrix equation
5 10 15 2
10 20 30 |£=| 4 |,
15 30 46 7

whose augmented matrix in reduced row-echelon form is

1 2 0|-13/5

0 0 1 1],

0 0 0 0
which definitely looks familiar. It follows that the least squares solutions to
AZ = b are still the vectors

=% —13/5
T = ) 1 S 0 )
1
for any real number zo.
Exploration 131 Let
1 0 -2 0 0
2 -2 =2 - 2 - 2
A= by = d b=

0 1 1| T s T RT s
0 4 5

Find the least squares solution(s) and least squares error for AZ = b, and
AZ = by.



4.7. MORE FUN WITH LEAST SQUARES 316

This particular method for finding least squares solutions is really handy when
finding curves of best fit. Let’s try!

=]
T

FIGURE 4.5. That old aggressively nonlinear data set again.

Example 4.7.3 Find (again!) the curve of best fit for the following data:
(723 1)’ (713 0)’ (Oa 2)3 (17 4) and (2ﬂ 11)

We checked before that these points are not colinear; see Figure 4.5.

Recall the example with the parabola of best fit? Sure you do. We need to
find scalars a, b, and c such that y = az? + bx + ¢ for all five of our points,
but we know that no such a, b, and ¢ exist; that is, there is no set of scalars
a, b, and ¢ such that

G+ bi+cl, where

y=a
1 4 —2 1
0 1 —1 1
g=1| 21|, ¢=|0]|, @= 0|, and T=| 1
4 1 1 1
11 4 2 1

Here are two other ways of putting it:
7 ¢ Span {qj z, I} = Col[q, &, 1,

or the matrix equation
a
[¢,%,1] | b
c

7]
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has no solutions. Hey! No solutions? Let’s find the least squares solutions!
Let A = [, &, 1]. Then

4 =2 1
[ 4 1 01 4 1 -1 1
ATA = | -2 -1 0 1 2 0 01
| 1 1 1 11 1 1 1
4 2 1
[ 34 0 10
= 0 —10 O |, and
10 0 5
1
4 1 0 1 4 0 52
ATy = -2 -1 0 1 2 2 | =| 24
1 1 1 1 1 4 18
11
Since we’re looking for least squares solutions, we can solve the normal
equation
34 0 10 a 52
0 10 O b | =124 |,
10 0 5 € 18
whose augmented matrix in reduced row-echelon form is
1 00 8/7
0 1 0] 12/5
0 0 1146/35

Hey! No Gram-Schmit required. Nice!
The quadratic equation y = %xQ + 1—5230 + % is the best quadratic least
squares approximation for the given data. See Figure 4.6.

FIGURE 4.6. The last aggressively nonlinear data set with
the parabola of best fit.
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Section Highlights

» When a matrix equation AZ = b does not have a solution, an approx-
imate solution can be found using the least squares solution. This is
a solution to the matrix equation A7 A% = ATb. See Definition 4.7.1
and Theorem 4.7.2.

» By converting data points into appropriate matrix equations, the tech-
nique of least squares can be used to find curves of best fit for data.
See Example 4.7.3.
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Exercises for Section 4.7
4.7.1.For any matrix A € M,,x,, show that AT A is square and symmetric. That is, ATA € M, and
(ATA)T = AT A,

4.7.2.Suppose A € M, «xn and b € Col A. Prove that the solutions to AZ = b are exactly the least squares
solutions to AT = b.

4.7.3.Make a matrix A € My, 3 with twelve reasonably nice integers. Find the least squares solutions and least
squares error for AT = €.

4.7.4 Repeat the previous exercise.
4.7.5.Find the cubic curve of best fit for the following data:
(-2,1),(-1,6),(0,2),(1,4) and (2,11).
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4.8 Another Graphics Application

Convolution and Edge Detection

Definition 4.8.1 Let A = [a;;], B = [bi;] € Mynxn. The convolution of A
and B, denoted A x B, is

AxB= ZZ \aijbij|.

i=1 j=1
Example 4.8.1 Let
a b -2 3
A{cd] and B{ 45}
Then
AxB =" "lai;bi;| = | —2al+[3b|+|4c|+ | —5d| = 2a-+3b+4c+5d.
i=1 j=1

This probably seems like a weird thing to do with matrices. It is. Let’s see
just how weird. Fix a matrix B € M, x,, and define Tg: M,,xn, — R by
Tp(A) = A= B. It turns out that T’ is not a linear transformation. Indeed, let

1 1 -1 -1
A—B—{1 1} and C’—{l 1}.
One can readily check that

Tp(A+C) =0+#8=Tg(A) + T(C).

Exploration 132 Is it true for any k € R that Tp(kA) = kT (A)?

It’s too bad for convolution that being “half linear” isn’t a thing. It’s worth
noting that convolution is in part componentwise multiplication, and while
this might seem like a reasonable way to define matrix multiplication, we see
here that it definitely fails to preserve vector space properties in any reasonable
way.

Definition 4.8.2 Let
-1 0 1 1 2 1
G=| =2 0 2 and Gy = 0 0 0
-1 0 1 -1 -2 -1
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The Sobel operator is the function S: M3.3 — R defined by
S(A) = (A*Gy) + (AxGy).

“Operator” is just another word for a function. It’s most commonly used in
conjunction with “linear;” the term “linear operator” usually refers to a linear
transformation with a vector space of functions as its domain. In the case of
Sobel operators, though, we know well that it just means “function” because

the Sobel operator, .9, is not a linear transformation.*®

Example 4.8.2 Let
ailp a2 ais
A= a1 a2 a3
a3z asz as3
Then

S(A) = (AxGy)+ (AxGy)
|(a13 + 2a23 + asz) — (a11 + 2a21 + as1)|
+|(a11 + 2a12 + a13) — (as1 + 2az2 + as3z)|.

That’s a pretty convenient way to calculate S(A), but what does it mean?
Why would anyone do something like this?

Let us experiment a bit with S. Perhaps we can find a use for it.

Example 4.8.3 Let
1 2 3 1 1 1 T 7T 7
A=11 2 3 |,B=|2 2 2 |(,andC= |7 7 7
1 2 3 3 3 3 T 77
One can check that
GyxA = 8 Gyz+*B = 0 Gy*xC 0
GyxA = 0 GyxB = 8 Gu*xC 0

The last example illustrates the fact that G, * A quantifies how much the entries
in a matrix A change horizontally. This is why G * A is positive, and G, * B
is zero; the entries of B don’t change horizontally. Similarly, G, quantifies
how much the entries of a matrix A change vertically. This is something like a
discrete version of a gradient of a function of two variables; we’re quantifying
the rate of change in the vertical and horizontal direction. Thus, the Sobel
operator, .S, quantifies the total change, both vertical and horizontal, in the
entries of a 3 X 3 matrix.

Exploration 133 Find matrices A;, A, and A3 such that S(A;) is zero, small,
and large, respectively.

48: ‘& Exercise!
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The Sobel operator is a surprisingly effective detector of edges in images.
Given a pixelated image (say of size 100 x 100), we can assign a value to each
pixel to represent its color to create a matrix A € Mgox100- Then we apply
the Sobel operator to every 3 x 3 section of A. Sufficiently large values for .S
would suggest the values in that section of A (that is, the colors in that section
of the picture) were changing quickly either vertically or horizontally. This
indicates the likely existence of an edge in the picture. Fun! Let’s try it.

Example 4.8.4 Suppose we had a nice picture of a beautiful orange right
triangle on a glorious brown plane. Using zeros for brown and ones for
orange, we could construct a matrix A € Mya12 to represent a badly
pixilated version of such a picture. It might look something like

[0 0000 0 O0O0O0UO0 O0 0]
0O00O0O0OTOUOUOUO0GO0T1O0
0O 00O0O0OO0OTUOOTUO0T1T10
000 0O0O0OTO0UOT1T1T1FP0
000O0O0OOOT1T1T1T1FP0
000O0O0OOT1T1T1T1T1FP0
000O0O0OT1T1T11T1T1FP0
000011111110
000111111110
00 1111111110
01 1 111111110
00 00O O0OO0O0UO0O0O0 0|

See the triangle made of 1°s? It’s still pretty great; matrices make everything
better. For 2 < ¢, < 11, let A; ; be the 3 x 3 submatrix of A centered at
the entry in the ith row and jth column. For example, As 5 is the submatrix
of entries in the shaded region in the upper left corner of the matrix, and
Ag 6 is the submatrix of entries in the shaded region near the center of the
matrix:

0 0 0 0 0 0
A2’2: 0 0 O and A6,6: 0 0 1
0 0 0 0 1 1
Now let’s construct a new matrix by applying the Sobel operator to each
Ai,jl
000 000002 6 4]
0 00O OO0 2 6 6 4
0 000 O 26 6 2 4
S(Ag.) S(Ag11) 000 0 2 6 6 2 0 4
|0 0 0 26 6 2 00 4
|0 026 6 200 0 4
S(A12) S(Anu) 026620000 4
26 6 20 0000 4
6 6 2 0 0 0 0 0 0 4
4 4 4 4 4 4 4 4 4 6

Returning to the original matrix A, we have colored white all the entries on
the edge of the matrix (the Sobel operator was not defined for these entries),
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and we have also colored white all entries for which S(4; ;) < 4. To be
clear, we are just now seeing the entries that produce large (4 or greater)
values with the Sobel operator, and we have nicely identified the boundary
of the triangle.

0
0 1
0 1
0 1
0 1
0 1
0 1
0 1
0 1
111111111

This is obviously a very simplified example for the purposes of being able
to do the calculations by hand, but with minimal programing, one can im-
plement this procedure very quickly with very high resolution images. See
Figure 4.7.

FIGURE 4.7. On the left is a fractal image. On the right is
the boundary in the image, as identified using Sobel matri-
ces.

Some optimized code and slightly more sophisticated linear algebra techniques
(soon!) make applications like this very efficient. Again, this just scratches the
surface of the power of linear algebra in computer graphics.





