In this chapter, we’re going to finally begin exploring functions on vector
spaces.' Linear algebra is the study of linear transformations on vector spaces.
We did vector spaces, so once we do linear transformations, we should be
done, right?” You will not be surprised that the implications for everything
currently known that springs forth from the definition of a linear transforma-
tion alone can fill an entire chapter. Indeed, the entanglement and conceptual
symbiosis of these two main characters in our story, vector spaces and linear
transformations, could fill volumes.

Alas, we have but this one volume and this short time together to celebrate
these two glorious concepts and their relationship with each other. Thus, we’ll
just have to hit the high points. In doing so, we’ll find that linear transforma-
tions, while being an incredibly diverse and flexible type of function, can be
understood almost entirely in a very systematic and concrete way.

As has become our custom at the beginning of chapters, though, we are getting
a bit ahead of ourselves. Let’s take a small step back to better prepare ourselves
for the coming of linear transformations. Let’s talk more about functions. ..

3.1 More Fun with Functions

There are a few more fun facts about functions for which a fresh look would be
good.3 You should be familiar, in some way, with each of the ideas we’ll cover
in this section, but you may not have previously seen this level of formality.*
You are encouraged to go through this material very carefully and thoroughly;
it will serve you well in future sections.
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1: ‘B It feels like this should be the
end, right?

2: E Yes!

3: ‘5 Favorable? Fine? Funicular?
Well, at least two of those.

4: “& ...and silliness. That should be
expected by now, right?
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Onto Functions

Definition 3.1.1 For sets A and B and a function f: A — B, the function
f is onto if for every element b € B, there is an element a € A such that f
relates a to b, that is, f(a) = b.

Besides the formal definition of onto, we also have a more geometric charac-
terization that will be extremely useful from time to time.

Theorem 3.1.1 For sets A and B and a function f: A — B, the function f
is onto if and only if
ran (f) = codom (f).

The proof of this theorem follows almost directly from Definition 3.1.1. Note

that it almost follows.” 5: s Exercise!
Example 3.1.1 Let’s see some examples! I
» Let A ={2,4,6} and B = {1,2, 3}. Define the function f: A — A—8B
B by the rule f(a) = a/2 for every a € A. This function is
onto because every element in B is half of one of the elements in -
A. Tf we had instead mapped g: A — C where C = {1,2,3,4} -

using the same rule as for f, then g would not be onto. This really
illustrates how much the codomain has to do with this property.

» Let f: R2 — R be defined by the rule g
A———C
z1
(5]
T2
This map is onto. Let’s convince ourselves. -
— First, let’s look at a specific example. Consider 5. It’s a real -
number, so it’s in the codomain. What does f map to 5?
Yep,
5
=5.
([5])
Also,
)
=5.
([2])
In fact,

7([2])-

where x5 is anything in R. Let’s be honest, there was noth-
ing special about 5. Sometimes it’s just nice to see how
these things look with numbers, but to actually prove or ver-
ify that f is onto, we’ll need to use a general element from
the codomain.

— Lety € R. Then

([5]) -

Since y is a general element of the codomain, we can con-
clude that f is onto. Note that we just needed to find one
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element in the domain that mapped to our general element
y. As in our previous discussion, we could actually find in-
finitely many, but according to our definition of onto, that’s
overkill because we only need one.’

» Let f: R — R be defined by f(x) = x + 2. Let’s show this is
onto! Let y € R denote any element in the codomain. We need
to find an x in the domain that f maps to y. That is, we need to
solve f(x) = y for a value of . Then f(z) = = + 2, so we
have z + 2 = y. Solving this for z we see x = y — 2. Well
fly—2) = (y—2)+2 =y, soy — 2 is the correct x value to
satisfy f(z) = y. Because we were able to do this for a general y
in the codomain, we know f is onto.

Exploration 63 Consider the function f: R — R defined by f(z) = 22 + 1.
This function is not onto. Find a value in R that is not in ran ().

Exploration 64 Show that the map f: R — R defined by f(x) = 22 is onto.
First, let y represent a general element in the codomain R. Now, what must x
be so that f(z) = y?

Exploration 65 For each function below, determine whether it is onto. If you
are having trouble deciding, ask yourself whether there’s anything not in the
range of this function.” If you can’t think of anything, see if there’s an input
that you could use to give you any desired output.

» Let f: R2 — R be given by

(1))

» Letg: R? — R? be given by

6: ﬁ There is still value in knowing
precisely what in the domain maps to
an element in the range. We’ll see this
again later.

T ‘B How about an ice cream cone?
I bet that’s not in the range! Oh, maybe
you should only consider things that are
also in the codomain, too. ..
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One-to-one Functions

The definition companion to onto is one-to-one. This is an often misunder-
stood concept; at the heart of these misunderstandings is the oversimplification
of this concept to something having to do with horizontal and vertical lines.
We shall require a thorough understanding of this particular concept in a very
broad context, so let’s get the formal definition and just say no more about that
standard oversimplification.

Definition 3.1.2 For sets A and B and a function f: A — B, the function
f is one-to-one if for any b € ran (f), we have a1 = as € Aif f(a1) = b
and f(az) = b.

This definition is just requiring that if f maps both a; and as to b, then it must
be that a; = ay. That way, no more than one element from the domain can be
mapped by f to an element in the range of f.

Theorem 3.1.2 For sets A and B and a function f: A — B, the function f
is one-to-one if and only if for all ay,as € A,

flar) = f(a2) implies a1 = as.

Note that in the definition, the universal quantifier (the “for any” bit) is on the
elements of B, but in the equivalent definition of one-to-one given in Theorem
3.1.2, the universal quantifier is on the elements of A. This makes this theorem
a bit trickier than Theorem 3.1.1.

PROOF. Let’s suppose the function f: A — B is one-to-one by our definition.
That is, for any b € ran(f), we have a; = ay whenever f(a1) = b and
f(a2) = b. Now, let a; and a3 be in A and suppose they have the property that
f(a1) = f(az). Then, f(a1) = f(az) = b for some b € B. Thus, a; = ag by
the definition of one-to-one.

Now, suppose we know the function f: A — B has the property that for all
ai,as € A, f(a1) = f(ag) implies a3 = as. Let b € ran(f). Then we
know there must be some a; € A such that f(a;) = b. Suppose we also
have az € A such that f(ag) = b. Then since f(a1) = b = f(az), we know
a1 = as. So this function is one-to-one by our definition. O

Example 3.1.2 Let’s revisit some familiar functions, but now, we can ask
whether they are one-to-one!
» Let A = {2,4,6} and C = {1,2,3,4}. Define the function
g: A — C by the rule g(a) = a/2 for every a € A. This func-
tion is one-to-one! To see this, suppose ¢,d € A are such that
g(c) = g(d). Using the definition of g, we see ¢/2 = d/2, which
can be simplified to see ¢ = d.
» Let f: R? — R be defined by the rule

(5 ])==
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This map was onto, but it is not one-to-one. Recall that we had
options about what mapped to 5. We saw that

r([o])=s=e(11])

This example with specific numbers is actually enough to show
that the function does not satisfy our definition!

» Let f: R — Rbedefined by f(x) = x+2. This one was onto, and
it is also one-to-one! Suppose a,b € R are such that f(a) = f(b).
then we know a + 2 = b + 2. This says a = b.

Exploration 66 Determine whether the following functions are one-to-one. If
you are having trouble deciding, pick something in the range of the function.
Ask yourself whether there are multiple inputs to get that same output.

» Let f: R? — R be given by

(1)) =

» Let g: R? — R? be given by

(D=1

As you probably expect, one-to-one and onto are both very nice properties for
a function to have. Additionally, functions with both are really quite grand.
We’ll see why shortly.

Composition of Functions

We saw composition of functions appear briefly in Section 2.3 to define inner
product on vector spaces. Let us now have the formal definition.

Definition 3.1.3 Let A, B, and C be sets and f: A — Band g: B — C
be functions. The composition of the functions f and g is the function
(9o f): A — C such that (a,c) € go f if and only if there is a b € B such
that (a,b) € f and (b, c) € g. That is, for any a € A,

(go f)a) = g(f(a)).
As was mentioned in Section 2.3, what makes the composition of functions

work is the fact that outputs of f are inputs of g. This can be seen in both of
the commuting diagrams below:
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B

fT\& A%B%C.
\_/

A—->s(C gof

gof

Example 3.1.3 Define
S= {g z € Z} .
Let f: Z — S be defined by f(z) = g and g: S — Z be defined by

g () = 2z. Then g o f: Z — Z is the map sending an integer z to itself
z

since (90 £)(2) = 9(£()) =g (5) =2 (5 ) ==

Exploration 67 Let A = {1,2,3,4}, B = {2,4,6,8}, C = {0,1}. Let f g
f: A — B be given by A B c
f(a) = 2a for any a € A. m
1 2 0
Let g: B — C be given by > 4 1
g(b) =0forallb e B. 3 6
4 8

» Considergo f: A — C. Wesee g(f(1)) =g(2) =0and g(f(2)) =
g(4) = 0. Since g maps everything to 0, this is the map from A to C

which maps everything in A to 0. Here’s a picture for g o f. You

Let k: C' — B be defined by should try drawing similar ones for
}(0) = 2 and k(1) = 6. the other functions mentioned.

» Consider gok: C' — C. Wesee g(k(0)) = g(2) =0and g(k(1)) =
g(6) = 0. Then g o k is the map from C to itself sending both
elements of C'to 0.

» Consider k o g: B — B. What is k(g(2))? What about k(g(4))?
Describe k o g.

Let h: A — C be given by
h(a) =0if a € Aisevenand h(a) = 1ifa € Ais odd.

» Consider k o h: A — B. Describe this map.

Example 3.1.4 Suppose f: R — R and g: R — R are both one-to-one
functions. We can show that the composition f o g must also be one-to-one!
Suppose we have aj, as € R such that (f o g)(a1) = (f o g)(az2). Then we
know f(g(a1)) = f(g(az2)). Since we know f is one-to-one, we know it
must be true that g(a1) = g(az). This is because g(a;) and g(as) are both
inputs to f with the same output from f. Now, we can use the fact that g
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is one-to-one to say that a; = as since g(a1) = g(ag). This is what we
needed! We started with two inputs to f o g that had the same output from
f o g and were able to argue that the two inputs were really the same.

Exploration 68 Suppose f: R — R and g: R — R are both onto. Must f o g
be onto?

Invertible Functions

A problem that comes up a lor in mathematics and science is whether or not
a process (often modeled by a function) can be undone in a reasonable way.
For example, if I were to replace every song file on the internet with a single
song file, then I strongly suspect many people would want a way to undo that
process. Could the “undoing” be done with a function? That’s not immediately
clear, but the forward process certainly could: I hereby relate every song file
on the internet to Jimmy Buffet’s “Pencil Thin Mustache.” ® You’re welcome
world. Oh? What’s that? You want a different function that relates “Pencil
Thin Mustache” back to every song that used to be on the internet? Ha! Good
luck with that! While there is a “Buffeting” function, I’'m afraid the “Un-
Buffeting” is not functional.”

Suppose instead that we related every song on the internet to itself, played
backwards.'® Well, if we did it again, we’d be back where we started. This
is an example of a process that can be modeled by what we call an invertible
function.

Definition 3.1.4 A function f: A — B is invertible if there is another func-
tion g: B — A such that

» foralla€ A, (go f)(a) = a, and

» forallbe B, (fog)(b) =b.
If such a function exists, we call it the inverse of f, and denote it 1.

Example 3.1.5 Let’s recall some maps from an earlier example. Define

S:{E:ZGZ}.

Let f: Z — S be defined by f(z) = gand g: S — Z be defined by

g (x) = 2x. Then we saw g o f: Z — Z has the property that g o f(z) = 2
for any z € Z. We can also construct f o g: S — S, and we see that

fog=f(g(a)) = f(2a) = %L =aforanya € S. Thus, g = f~1.

8:"é This is a perfectly reasonable
function with domain and codomain be-
ing all song files on the internet, but
range just the single specific song file for
“Pencil Thin Mustache.”

9: ﬁ This is not actually intended as a
pun. A relation that is a function is often
called a “functional” relation. However,
we gladly accept the dual meaning here.

10: “é Disclaimer: The authors do
not endorse the playing of songs back-
wards or the following of any nefarious
instructions heard when doing so.
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Example 3.1.6 Let’s see an example of a function that is not invertible. Let
h: R — R? be defined by
a8
h(z) = .
@=]7

Note that h is not onto because any vector of the form

]

Y

with & # y will not be in the range. Suppose h has an inverse that we will
call k: R? — R. Then (h o k)(¥) = @ for any & € R?. Let’s consider then

the vector
1
R2.
2]

(e(2D)-[:]

{Hem(h),

which is not true. Thus, the inverse k£ does not exist and A is not invertible.

If k exists, then we have

won(]2])

This says, however, that

Example 3.1.7 Let’s see another function that fails to be invertible. Con-
sider the function ¢: R? — R? that relates a vector & € R? to the vector
with the same first coordinate but O for the second coordinate. That is, for

any vector in R?,
I . X
4 di) o 0 '

The domain and codomain of ¢ is R?, but the range of ¢ is the horizontal

([%)nex)

Thus, the function ¢ collapses all of R? (a plane!) to a single line. That
doesn’t sound like one-to-one behavior, so let’s prove this function is not
one-to-one. Note that

42 _ 42 | 42
P\lw )"\ Uu])7 [ o
Since ¢ maps two vectors to the same vector in the codomain, it is not one-
to-one. Why does this matter? Suppose g is a function that we’d like to be

an inverse of . By Definition 3.1.4, for any vector & € R2, we must have
(g o p)(&) = Z. However, that means

won([8])-[B]=en((£])-[2]

This first equation tells us

(e[ ]) =[5 ) =15
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and the second tells us that

(e[ ) =[5 ])-[x]

Hang on. Those two vectors aren’t equal. In order for g to be an inverse
for ¢, it has to map one vector to two different vectors. That is not how any
respectable function behaves!''

The main idea here is that if you have a function that relates elements of A to
elements of B, does there exist another function that unrelates them? More
specifically, is there another function g that relates B to A so that if f relates
ap € Ato by € B, then g relates by back to ag. Sounds pretty easy, right? The
part that makes this nontrivial is all that “for all” business. This property of
“unrelating” has to hold for every element in A and every element in B. That
is a very rigid condition! Fortunately, as with one-to-one and onto, there is an
alternate characterization of invertibility.

In Example 3.1.6 we saw a function that failed to be invertible because it was
not onto. In Example 3.1.7, we saw a function that failed to be invertible
because it was not one-to-one. Perhaps then this theorem will not come as a
surprise. '’

Theorem 3.1.3 A function f: A — B is invertible if and only if f is both
one-to-one and onto.

Exploration 69 Let’s start this proof together!

PROOF. First, suppose f: A — B is invertible. Then f~! exists. Let’s use
f~! to show that f is both one-to-one and onto.

One-to-one: Let a,b € A be such that f(a) = f(b). We need to show a = b.
To do this, let’s consider the expression f~1(f(a)). Since f(a) = f(b), we
have f~1(f(a)) = f~(f(b)). Now, why does this tell us a = b?

Onto: Letb € B. Then we need to find an element ¢ € A that maps to b under
f. Use f~!to find a.

Now, we need to prove the other direction. Suppose that f is both one-to-
one and onto. We need to define a function g: B — A so that f has an
inverse. Since we know that f is onto B, we can write any element of B as
f(a) for some a € A. Moreover, since f is one-to-one, we know for any
b € B that there is exactly one a € A such that b = f(a). Thus, we can
define g: B — A to be the relation sending f(a) to a. Now, we need to verify
that this g is actually a function. Suppose g(b) = a; and g(b) = a2. By
the definition of g, this says f(a1) = b = f(az). Since f is one-to-one, we
know a; = ao, so ¢ is a valid function. Note that we needed f to be both
onto and one-to-one in order for g to be a function with domain B. We now
just need to verify that g is the inverse of f. Our first condition is that for all
a € A, (go f)(a) = a. We see this quickly since g(of)(a) = g(f(a)) = a by

11: ‘é Here, you should take a
respectable function to mean any
function. Yes, we have just claimed all
functions are respectable, even the
Buffetting one from earlier.

12: ‘% Oh, this makes me sad. I love
a surprise. . .
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definition. Next we have that second condition: for all b € B, (f o g)(b) = b.
Let b € B, then there is some a € A such that f(a) = b since f is onto.
So f(g(b)) = f(g(f(a))) = f(a) = b. Thus, the second condition is also
satisfied by this function g because f is onto. O

Exploration 70 Let f: R — R be defined by f(z) = = + 2. We saw in
our previous examples that this function is both one-to-one and onto. So it’s
invertible! Can you find the inverse?

Recall our Buffeting function from earlier? Well, we can very quickly con-
vince ourselves that this function is not one-to-one.'> Thus, we have the fol-
lowing fun corollary to Theorem 3.1.3.

Corollary 3.1.4 There is no function to undo the Buffeting.

Functions Between Finite Sets

Something a little special happens when talking about the properties of one-
to-one and onto when the function is between two finite sets.

Theorem 3.1.5 Let A and B be finite sets and suppose f: A — B is a func-
tion. Let n denote the number of elements in A and m denote the number of
elements in B.
(@) If n > m, then f is not one-to-one.
(b) If n < m, then f is not onto.
(¢) If n = m, then f is either both one-to-one and onto or f is neither
one-to-one nor onto.

PROOF. First, suppose n > m. Then there are more elements in the domain of
f than in its codomain. If f is one-to-one, then we would see each element in
A map to a distinct element of B. However, there just aren’t enough elements
of B for this to happen!

Next, suppose n < m. Then this function has more elements in its codomain
than its domain. In order for f to be onto, we must have ran (f) = codom (f).
However, to be a function, f must map each element of A to only one element
of B. This means the largest ran ( f) can be is n, so f cannot be onto.

Lastly, let’s suppose n = m. If f is onto, then every element in B is mapped to
by an element in A. Because these sets have the same size, the map is forced to
be one-to-one since it can only send each element of A to one distinct element
in B. Suppose now that f is one-to-one. Then it will send each element in A
to a different element in B. Since these sets have the same size, we must use
every element in B in this mapping, so f is also onto. We’ve just argued that
f is one-to-one if and only if it is onto if n = m. This gives our result. g

Since almost all of our vector spaces are infinite sets,"* you may be wondering
why we bothered to tell you about Theorem 3.1.5. You’ll see in a few sections

13: ‘@ We can also convince our-
selves that this function was ridiculous.

14:‘B All except the trivial one, {0},
in fact.

{B Nicky! What are you doing
here?!

‘é It looked like you needed help, so
here I am. Helping.
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that there is actually a wonderful analog to this theorem in the case of functions
between vector spaces.

Section Highlights

» A function is one-to-one if every element in the range is mapped to
exactly once. In terms of function input from the domain and output
from the range, this means each output has exactly one input that
maps to it. See Definition 3.1.2 and Theorem 3.1.2

» A function is onto if its range is the entirety of the codomain. This
means every possible element in the codomain is an output mapped
to by some input in the domain. See Definition 3.1.1 and Theorem
3.1.1.

» Function composition is a way to combine functions. See Definition
3.1.3.

» If a function is both one-to-one and onto, then it is invertible. This
means that there exists an inverse function with which it composes
to form the identity map. See Definition 3.1.4 and Theorem 3.1.3.
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Exercises for Section 3.1

3.1.1.Let f: R? — R be defined by

AEDESE

(a) Is f onto? Prove or give a counterexample.

(b) Is f one-to-one? Prove or give a counterexample.

(]

(a) Is f onto? Prove or give a counterexample.

3.1.2.Let f: R? — R be defined by

(b) Is f one-to-one? Prove or give a counterexample.

3.1.3.For each function below, determine whether it is one-to-one.

@ [:{a,b,c} —{1,2,3,4} defined by {(a, 1), (b,2), (¢, 1)}

(b) f:{a,b,c} —{1,2,3,4} defined by {(a, 1), (b,2), (c,4)}

(©) f:{a,b,c} — {1,2,3} defined by {(a, 1), (b,2),(c,3)}

@ f:{a,b,c,d} — {1,2,3} defined by {(a, 1), (b,2),(c,3),(d,2)}

(e) f: R — R defined by f (z) = (5511)

0 f:RQ%Rdeﬁnedbyf({ o D =1

(¢) f:R2 —>Rdeﬁnedbyf([ 1 ]

[ T i [ 2$1
| T2 L 122
[ I 2%1

() f:R2_>R2deﬁnedbyf< -> - - ]

(h) f: R? — R? defined by f

| T2 x1

() f:R? — R2definedby f (| ** ): o }
| T2 _$1+3




k) f:

@ f:

(m) f:
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R2—>R2deﬁnedbyf< o ): xl—HCQ}

| T2 | L 1+ 3
R® - B2 defined by £ (| 1 |) = [ #1H
| T2 | _2I1+2$2

L T2 ]

C ] 1+ o
R? — R3 defined by f < ! > = | 21+ 2x9
)

3.1.4 .For each function below, determine whether it is onto.

@ f:

(b) f:

© f:

(d f:

e f:

® f:

(@ f:

() f:

@ f:

O

k) f:

@ f:

(m) f:

3.1.5.Let f: R — R be defined by f(z) = = + 3. Show that f is one-to-one and onto. Find f~!.

{a,b,c} — {1,2,3,4} defined by {(a, 1), (b,2), (¢, 1)}

{a,b,c} — {1,2,3,4} defined by {(a, 1), (b,2), (c,4)}

{a,b,c} — {1,2,3} defined by {(a, 1), (b,2), (c,3)}

{a,b,c,d} — {1,2,3} defined by {(a, 1), (,2), (¢, 3),(d,2)}

1
R — R defined by f (z) = (II )

]RQ—HRdeﬁnedbyf({ o ]

R2—>Rdeﬁnedbyf([ 1 ]

R2—>R2deﬁnedbyf( il ): ;i} }
| 22 | | 7172
R? — R? deﬁnedbyf( il ): 2;1]
| 22 | | =1
R2—>R2deﬁnedbyf< il ): xm—lk?)}
| 22 | | 71
2 2 [ I 1 [ T+ X9
R* — R* defined by f - =| 243
| 22 | | 71
2 5 [z ] [z +
R = R deﬁnedbyf< - >— 921 + %1 ]
| 22 | | 221 2
"y ] [ x1 + 2o
R? — R? deﬁnedbyf( 331 ): 2x1 + 229
2
[ T2 | o

159
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X T+ I3
3.1.6.Let f: R? — R? be defined by f Tg = | 2z1 + x5 |. Show that f is both one-to-one and onto.
T3 T

Find f~1.

3.1.7.A constant function maps every element in the domain to the same element in the codomain. Give an
example of

(a) a domain, codomain, and constant function that is onto and not invertible;

(b) a domain, codomain, and constant function that is onto and invertible.

([z]) oo
I

Does f have the property that f(¥ + @) = f(¥) + f() for any ¥, 7 € R?*?

(la])=mms
i)

Does f have the property that f (7 + @) = f(¥)) + f (@) for any ¥, i € R??

3.1.8.Let f: R2 — R be defined by

3.1.9.Let f: R? — R be defined by

3.1.10.Suppose f: R — R and g: R — R are both onto. Must f + g be onto? Give an example to support your
claim.

3.1.11.Let A, B,and C' besetsand f: A — Band g: B — C be functions.

(a) Suppose g o f is one-to-one. Then the function f is one-to-one. Let’s see why. Suppose a1,a2 € A
and f(ay1) = f(az). We want to show a; = aa, and we know we need to involve g o f to do this.
Let’s consider g o f(a1) = g(f(a1)) and g o f(az) = g(f(az)). How are these related?

Now use the fact that g o f is one-to-one to conclude a1 = as.

(b) Suppose g is onto. It’s not necessarily true that g o f is onto. Can you come up with an example
where g is onto but g o f is not?

3.1.12.Let A, B,and C be setsand f: A — B and g: B — C be functions.
(a) Suppose f is one-to-one and g is onto.

(i) Is g o f one-to-one? Prove or give a counterexample.

(ii) Is g o f onto? Prove or give a counterexample.

(b) Suppose g o f is onto and g is one-to-one.

(i) Is g onto? Prove or give a counterexample.
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(ii) Is g o f one-to-one? Prove or give a counterexample.
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3.2 Linear Transformations

We’ve now talked quite a bit about functions, but very little about functions
in relation'” to vector spaces.'® It’s time to fix that. It’s time to celebrate. It’s
time to finally formally familiarize ourselves with the functions that best fit this
narrative we’ve been following. We're all here to hear about linear transfor-
mations on vector spaces. Well, we may never actually be done with amateur
word play, but the long wait is over. Get ready. It’s linear transformation time.

Respect the Operations

Let’s think about what it means for a function to map one vector space to
another by starting with an example.

Let f: R? — R3 be defined by

a a+ 2
f b = b+2
c+2

This seems like a perfectly good function between vector spaces. Commence
exploration!

Exploration 71 To get a sense for what this function does, let us experiment
and see what happens with a few specific vectors.

1 2
» Compute f 0 and f 0
0 0
1 1 1
» Compute 2f 0 =f 0 +f
0 0 0

From these computations, we see that for a vector v € R3, this function has

JE+T) £ f@) +f®)  and f(28) # 2/ (D).

While f is a perfectly good function between the set of vectors in R? and the
set of vectors in R3, it is not a useful function between the vector spaces. We
have 7 € R? and f(¥) € R3; since R? is closed under vector addition, we also
have that

T+7€R® and f(?) + f(¥) € R

Since our function related ¢’ to f (%), our function would, ideally, relate 7+ ¥ to
f(0) + f(¥); that is, it would be very nice if our function related our notion of

15: ‘ﬁ Pun not intended, but it’s there
anyway.

16: ‘B Well, except for those inner
product ones, but that was ages ago now.
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vector addition in the domain to our notion of vector addition in the codomain.
However, our function relates ¢ + ¢’ to f (¥ + ¥), and as we’ve already shown,
f(@+ ) # f(¥) + f(¥). In order for our function to relate the vector space
structure in the domain to the vector space structure in the codomain, it needs
to behave well with respect to the vector space operations: vector addition and
scalar multiplication.

There is a very useful class of functions for which this respect of operations is
cleverly guaranteed.

Definition 3.2.1 A function f: V. — W, where V and W are vector spaces,
is called a linear transformation if for any vectors v, 4 € V and any scalar
a € R,

(U4 @) = f(¥) + f(@) and

> f
> f(at) = af(0).

S

7 resolve the issue of how vector addition and scalar

Linear transformations’
multiplication are defined in the range of a function (function first or operation
first) by saying it doesn’t matter. For linear transformations, the two vectors

are equal:

» f(¥+ 1) = f(¥) + f(i); sum and then function, or function then
sum; it’s the same either way.

» f(a?¥) = af(¥); scale and then function, or function then scale; it’s
the same either way.

Linear transformations are often said to “preserve” vector addition and scalar
multiplication for this reason. If this seems overly restrictive, keep in mind that
these are the only operations on V', and making sure those work correctly in
the range is really the only restriction we’ve imposed. Speaking of the “range,”
you’ll find this arrangement has its advantages:

Definition 3.2.2 Let V and W be vector spaces and f: V — W be a linear
transformation. The image of f is the set of vectors W € W such that there
is a vector U € V with i = f (V). We shall use the notation

Imag f = {W € W: & = f(V) for some v € V}.

You’re probably asking yourself, “Isn’t that just the range of f?” Yeabh, it is.
That’s true. However, for any function f : V' — W where V and W are just
sets and v € V, we often refer to f(v) as the image of v. The idea is that the
image of the point v is the point f(v). Now, when V' and W are vector spaces
and f is a linear transformation, we extend this term to encompass all of the
range. Thus, the image of a vector space V is the vector space f(V') when
f is a linear transformation. The word “image” is commonly used instead of
“range” when a function is the type that preserves the algebraic structure of
the domain.

Theorem 3.2.1 Let V and W be vector spaces and f: V — W be a linear
transformation. Then the image of f, Imag (f), is a subspace of W.

Exploration 72 Let’s prove this one together!

17: ‘@ Yay! That’s on the cover of the
book!
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PROOF. We know that Imag f is a subset of W, so we just need to verify
closure for addition and scalar multiplication and also that it contains 0.

» Let 'and « be vectors in V. Use the properties of the linear transfor-
mation f to show f(¥) + f(@) is in Imag f. (To show a vector is in
Imag f, find a way to write it as f(a vector in V').)

» Letv € Vanda € R. Show af(¥) € Imag f.

» The fact that 0 € Imag f is actually related to an exercise from all
the way back in Chapter 0. Linear transformations have the property
that f(a¥) = af(7) forany a € R and any 7 € V. Thus, if 7 = 0

and a = 0, we have f(0) = f(00) = 0f(0) = 0. Thus, 0 € Tmag f
since any linear transformation maps 0 to 0.

O

Examples Abound

Example 3.2.1 Let’s start with a fairly straightforward function. Let
f: R? — R be the function defined by

r([0]) o

where 1,29 € R. Let’s verify that this is a linear transformation. We
need the axioms in the definition to hold for all vectors, so we need general
vectors. Let &,/ € R?. Then

f:[xl}andg’:[yl}
T2 Y2

for some x1, x2,y1,y2 € R. Then

= o 1 Y1 1+
f(Hy):f([ T2 } i { Y2 D :f<[ T2 + Y2 D
= (z1+y1) + (22 +y2) = (@1 + 22) + (Y1 + 92)
= f(@) + f(9)-
Thus, f preserves vector addition. Suppose a € R. We will show now that

f preserves scalar multiplication. We will use the same vector & as above.'® 1@ . . ,
18: Now wait a minute. Weren’t

fam) = § <a { T }) — ¢ ({ axy ]) we using ¥ and @ for our vectors?

T ax
2 2 fE’ Yeah, we were! What’s with all
= am +az2 = a(z1 + 32) = af (). these Z’s and 3’s?
Thus, f is a linear transformation. 4@ Settle down. Using « for domain

elements is pretty standard. Now that
we’re dealing with functions, it makes
sense to change our vector naming
convention.
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Example 3.2.2 Let T: R? — R? be given by T(¥) = o for some fixed
real number o > 1. This function rescales vectors in R? by a factor of .
To see this in action, let S be the following square in R?:

S:{{xl ] 6R2:0§x1§1and0§x2§1}.
T2

Figure 3.1 shows the image of S under the function 7.

Let’s verify that 7" is a linear transformation; we already know 7' is a func-
tion, so we just need to verify the two properties of a linear transformation.
Let Z,7 € R? and k € R. Note that

T(@E+7) = a(@+7)=ai+af=T(F)+T(J) and
T(kZ) = a(kf) = (ak)@ = (ka)Z = k(ad) = kT(Z).

It follows that 7" is a linear transformation.

R? R?

FIGURE 3.1. T is a linear transformation that rescales vec-
tors by o > 1.

Example 3.2.3 Let 7: R? — R? be the function such that for any

o 1 3 5
F=| xzo | €R® we define T(f):x1[0]+x2[1]+x3{4}
3

This perhaps appears more complicated, but all we’re doing here is assign-
ing vectors in R to a specific linear combination of vectors in R? by using
the components of our domain vectors as the weights of the linear combina-
tion. Not only does it turn out this is also a linear transformation, this also
is an easy and convenient way to define a linear transformation. We should
probably remember this example! Again, T is a function, so we just verify
the two properties of a linear transformation. Let &, 7 € R?, where

Tl Y1
T = T2 and g = Y2 )
€3 Ys
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and a € R. This is gonna be a little gross. Note first that

r1+ Y1
T@x+y) = T T2+ Y2
T3 + Y3

:(m+wﬂé}+@ﬂwg[§yﬂm+mﬂi}
- lo]r=li]e=[3])
ANARSHINE)

= T(@) +T)

Similarly,
axq
T(aZ)=T ars = awl[(l)}—l—axg{?}—i—axg{i}
axrs
1 3 5
:a1610+:1c21+:1c34
= aT(2).

Exploration 73 Recall Example 3.1.7 from Section 3.1. The function ¢ : R? —
R2? relates a vector Z € R? to the vector with the same first coordinate but 0
for the second coordinate. That is, for any vector in R2,

A[n])=17%]

We showed this was a function that is not invertible already. Let’s show that
it’s a linear transformation. We’ll need some general vectors in R? to start. Let

:f,:lje R . Tlle]l
X2 y2

for some x1, T2, Y1, Y2 € R.

» First, verify that o(Z + §) = ¢(Z) + ¢(¥).

» Second, verify that ¢(aZ) = ap(Z) for any a € R.

Example 3.2.4 We’ve seen several examples of functions that are linear
transformations. Let’s see another one that is not a linear transformation.
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Let f: R? — R be the function defined by

(15 ]) =

where z1, 22 € R. We can show this fails to be a linear transformation in
multiple ways. First, we can show it fails to preserve vector addition.

(314 13) =+((2]) =00
(([31) (3] - s =

Next, note that

(2] 2o

5f({§D:5(2)(3):30.

Thus, f also does not preserve scalar multiplication. Failing either condition
is enough though to see that it is not a linear transformation.

but

but

Example 3.2.5 Let 7: Py — R? be defined by
p(1) ]
T(p) = [ .
#) p(0)
Let’s show T is a linear transformation; this one is particularly interesting

because T has a completely different domain and codomain. Let p = ax? +
bx + cand § = dz? + ex + f be arbitrary vectors in IPy. Note that

T(5) = [ a“’*c] and T(q) = [ ‘”e*f],
c !
Checking vector addition, we have
TE+q) = T((ax?+bx+c)+ (dz? +ex + f))

= T((a+d)z®+ (b+e)z+ (c+ f))
_ '(a+d)+(b+e)+(c+f)]

| c+ f
[ (a+b+c)+ (d+e+ f) }
I c+ f
_ [a+b+ec d+e+ f
_ ; ]+[ :

| =1+ 1@,
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All that remains is to check scalar multiplication; let &« € R. Then
T(ap) = T(a(az® + bz +¢c)) = T((aa)z®+ (ab)z + (ac))

aa+ ab+ ac
ac

_ [a(a—;i—kc} }

{a+b+c
a

@

] = aT(p).

Exploration 74 Let 7: P, — R? be defined by

- (2]

Is T' a linear transformation? Justify your response.

Some Noteworthy Examples

Until now, we’ve focused on examples to illustrate how we verify a function
is a linear transformation. Now, we’ll see some examples of common linear
transformations that will be important for us in future sections.

Theorem 3.2.2 Let V' be a vector space with basis B and dimension n. The
function pp: V. — R" that relates vectors in V to their coordinate vector
relative to B in R"™ is a linear transformation; that is, the function given by

e8(V) = [U]5
is a linear transformation. This function is sometimes called the coordinate
mapping.

PROOF. In the proof of the Pythagorean Theorem in Section 2.3 we estab-
lished that [/ + i)z = [V]z + [t]z for any ¥,@ € V. We just now need to
see that [at]; = o [U] 4 for any scalar o and any ¥ € V. However, this seems
more like an exercise at this point. Expect to see this for homework. 0

It turns out, quite conveniently, that compositions of linear transformations are
also linear transformations.

Theorem 3.2.3 Let V, W, and U be vector spaces, T: V — W a linear
transformation, and S: W — U a linear transformation. Then the compo-
sition S oT: V' — U is a linear transformation.
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This can be seen in the commuting diagram below:

[N

V—U
SoT

PROOF. To show S o T is a linear transformation, we need to show it respects
vector addition and that it respects scalar multiplication. Let ¥; and v be vec-
tors in V', and let a € R. Then since .S and T are both linear transformations,

SoT (T +) = S(T (T +7)) = S(T(#)+T(5)) = S(T(#))+S(T(5)).
Similarly, we have
So T(aﬁl) = S(T(a’l?ﬁ) = S’(aT(ﬁl)) = aS(T(ﬁl))

Thus, the composition of two linear transformations is a linear transformation.
0

While not all linear transformations are invertible, something interesting hap-
pens when they are. Inverses of linear transformations are also linear transfor-
mations.

Theorem 3.2.4 Suppose V' and W are vector spaces and T: V. — W is
a linear transformation. If T is invertible with inverse T~", then T~ is a
linear transformation.

PROOF. Recall from Theorem 3.1.3 that 1" is invertible if and only if it is both
one-to-one and onto. Also, from the definition of invertible, we know for any
7 € V that (T~! o T)(¥) = ¥. Suppose then that @, 1 are in W. Since T is
onto, there exist some #, % € V such that @ = T'(Z¥) and @ = T'(¢). Because
T~ is the inverse of T, we must also have that 7~!(#) = Fand T~ (&) = .
Thus

T~ i+ w) =T Y (T(Z) + T(w) =TT (Z + i)
=T o) T+y)=T+7
=T ) + T (w),
and we see T ! preserves vector addition. Let a € R. Then we have
T~ ai) = T aT(2)) = T™H(T(aZ)) = (T~ oT)(ai) = aZ = aT ().

Thus, 7~ is a linear transformation because 7' is a linear transformation. [

We’ll talk quite a bit more about these invertible linear transformations in the
next section.

Linear Transformations and Bases

We spent quite a bit of time in Chapter 2 convincing you how great it is to have
a basis, but we had to save one of the best things about them until now. Bases
are extremely useful in helping us to understand linear transformations.



Theorem 3.2.5 Suppose V' is a vector space with a spanning set P ="

{V1,...,0x}. Any linear transformation T: V. — W is determined by
T(th),...,T(Ux). Thatis, for any U € V, we can realize T'(¥) as a lin-
ear combination of the vectors T'(v1), ..., T (k).

PROOF. This theorem follows directly from the definitions of spanning set
and linear transformation. Since P is a spanning set of V', we know there are
coefficients ¢y, . . ., ¢x such that ¥ = ¢ 9 + - - - + ¢, Uy for any ¥ € V and

T(V) =T(c1vy + -+ + exty) = e1 T(0h) + -+ - + ¢ T (V).

Corollary 3.2.6 Suppose V' is a vector space with a spanning set P =
{V1,...,0x}. If T:'V — W is a linear transformation, then Imag T =
Span {T(ﬁl)7 0oo 7T(ﬁk)}

Corollary 3.2.7 Suppose V' is a vector space with a basis B =
{V1,...,0,}. Any linear transformation T: V. — W is determined by
T(01),...,T(Uy).

Example 3.2.6 First, let’s consider the vectors

o[ 4] ee2].

Since these are two linearly independent vectors in R?, we see that {#, @}
is a basis for R?. Let 7: R? — R? be a linear transformation such that

T(U):[‘:’] vl T(ﬁ):{‘?].

First, let us find the images under 7" of 2¢' and 4. It seems pretty straight-
forward using our properties of a linear transformation.

T(25) = 2T(ﬁ)2:i’]{g},and
T(4d) = 4T(a')=4:_ﬂ=[_§g}

Similarly, we can also use linearity to find 2¢ 4 44

rove -ren<ron- ][ 2] [

We saw in Theorem 3.2.5 that the linear transformation is determined by

—

what it does on a basis, so 7 is determined by T'(«) and T'(¥)
Now, suppose we want to know what 7" maps & = [ 13 } to? We need to

find the coordinate vector for ! That is, we need to solve for a, b € R such
that & = a¥ + bu. This is equivalent to

o)l 4]lE]

which gives us the two equations 3 = a + 2b and 10 = —4a + 3b. Solving
these gives us a = —1 and b = 2. So & = —¥ + 2u. Now we know how to
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find T'(%)!

T(F) = T(—7428) = —T()+2T (&) — — { ‘:’ }+2 { _‘;’ } _ [ ‘12 ] .

This is the procedure we could use to find where 7" sends any vector, but
of course, don’t expect the coordinate vector weights to always be quite so
nice.

Respect the Kernel

We’ve seen that for a linear transformation 7': V' — W, where V and W are
vector spaces, Imag T is a subspace of the codomain, W. That’s great for the
codomain. Oh, to be guaranteed a subspace! How very nice, indeed. Perhaps
we should try to do the same for the domain.

Exploration 75 Recall again the function ¢: R? — R? defined in Example

)

which we saw was a linear transformation in Exploration 73. Give an example
of a nonzero vector that maps to 0.
Can you describe all the vectors that map to 0?

Definition 3.2.3 Let V and W be vector spaces andT': V- — W be a linear
transformation. The kernel of T is the set of vectors U € V such that
T(¥) = 0. We shall use the notation

Ker T = {7 € V:T(%) =0}

Theorem 3.2.8 Let V' and W be vector spaces andT': 'V — W be a linear
transformation. Then the kernel of T is a subspace of V.

Exploration 76 PROOF. Let V and W be vector spacesand 7': V' — W be a
linear transformation. We know that Ker 7' is a subset of V', so we just need
to verify closure for addition and scalar multiplication and also that it contains
0.

» Let ¥ and @ be vectors in Ker T, so T'(%) = 0 and T'(@) = 0. Show
T(7 + @) = 0 so that 7 4 @ is in Ker 7.

» Let € Ker T and a € R. Then T(%) = 0. Show T'(a%) = 0 so that
av € Ker T.
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» In our proof that Imag T is a subspace, we established that a linear
transformation always maps 0to 0. Thus, 0 € Ker T

O

Hooray! A linear transformations guarantees a subspace in the domain and
another one in the codomain, each of which will be useful for us.

Example 3.2.7 Let’s look at some of the linear transformations we’ve seen
already and see what their kernels are.

» Let 7: R? — R? be given by T(¥) = «f for some fixed real
number « > 1. For this linear transformation, we only have ax =
0if # = 0 since a # 0. The kernel is then just the zero vector
space.

» Let T: R? — RR? be the function such that for any

Ty
s | € R®  we define
z3

1o = 3] wa] ] 4e] 2],

Let’s determine the kernel for this one as well. This means we
need to solve

(3.1) 6:x1[é]+xg[?]+x3[i].

Since we know any set of three vectors in R? must be linearly de-
pendent, we know there must be nontrivial solutions to this equa-
tion. Note that

“[o]+43]-[3]

Thus we can rewrite our Equation 3.1 as

RIS )

(x1—7x3)[é]+(ag2+4x3)[ﬂ

z

1 3 . .
The vectors [ 0 ] and [ } are linearly independent, so the only

1
solution to this is given by
(32) 1 — 71‘3 =0 and xo + 4933 =0
We can rearrange these to get 1 = 7x3 and o = —4x3. Thus,
Ker T = —4x3 | : x3 € R ) = Span —4
I3 1

Exploration 77 Define T: P, — R? by

ro- (1]
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What must Ker T be?

Now that we’ve spent some time talking about these special functions called
linear transformations, we should spend some time talking about how they
relate to the concepts of Section 3.1. We’ll do that in the next section because
this seems like enough for now.'”

Section Highlights

» A linear transformation is a function between vector spaces that pre-
serves vector space structure. In particular, the range of a linear
transformation, called its image, is a vector space. See the discus-
sion before Definition 3.2.1 and Theorem 3.2.1.

» A function between vector spaces is a linear transformation if it pre-
serves the operations of vector addition and scalar multiplication.
This means that for f: V' — W to be a linear transformation, it
must satisfy f(Z+y) = f(&)+f(¥) and f(aZ) = af(Z) where the
operations on the left of the equals are in V' and the operations on the
right are in W for any vectors & and ¢ in V. See Definition 3.2.1.

» The kernel of a linear transformation, 7', is the subspace in the do-
main consisting of the vectors mapped to the zero vector by T'. See
Definition 3.2.3 and Theorem 3.2.8. See Example 3.2.7 on how to
compute the kernel.

19: & It is. It is enough.



EXERCISES FOR SECTION 3.2 174
Exercises for Section 3.2

3.2.1.Consider the function T: R? — R? defined by

r([2])-] =

Show that 7' is a linear transformation.

3.2.2.Let T: R5 — RS be defined by

T 5r1+ 4
T2 To + T3
T I3 = T3 — 1
Xyg I
Ts T2

Show that 7T is not a linear transformation.

3.2.3.All of the functions between vector spaces below fail to be linear transformations. Give specific examples
illustrating why they fail.

(a) f:RQ—HRdeﬁnedbyf({ e D =21 +5
2

X

(b) f:R? —HRdeﬁnedbyf([ ;”1 D = 1120
2

© f:R? > R? deﬁnedbyf< o ) _| = }
L T2 | L T1T2
(d) f:R? — R? defined by f <

_1'1_ 7_ il
| T2 o f£1+3

©) f:R2—>R2deﬁnedbyf< il ): xlth}
| 22

3.2.4.Consider the map 7: R* — R? defined by

€
T T2 :|:$1+JI2+LE3—|—{I}4:|.
T3 T1+ X2 — T3 — Ty
T4
Show this is a linear transformation.
3.2.5.Let T: R5 — RS be defined by
i) 5I1
To T2 + 3
T X3 = I3

Ty T
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(a) Show that T is a linear transformation.
(b) Find Ker T.

3.2.6.Consider the function T: R? — R? defined by

x 1
(D= mee
) 0

(a) Show that 7' is a linear transformation.
(b) Find Ker T.

3.2.7.Consider the function 7': R? — R defined by

r([]) e

(a) Show that 7' is a linear transformation.
(b) Find Ker T

3.2.8.Let T': P, — R* be defined by

ag + ay
T (ao +ar1x + a2x2) — | BT @
a1 — az
a1 + as
(a) Show T is a linear transformation.
(b) Find Ker T
3.2.9.Let T: Py — R* be defined by
ao
2 ai
T(ao—l—alx—i—agx ) =
as
(az2)?

Show that T is not a linear transformation.

1 1
3.2.10.Let ¥ = [ ) } and ¥, = [ 0 } Then B = {#, ¥} is a basis for R?.
Suppose T : R? — P, is the linear transformation determined by

T(0) =14z and T(0) =2z + z°.
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(a) Find T'(¥; + 302).

21 } Find T().

(b) Suppose [7]; = {

(c) Find T(&).

)

3.2.11.Suppose T : Py — R? is the linear transformation determined by

T(l):{i} T(1+x):[_11} and T(1+x2):{ﬂ

(a) Find T(1 + x + 22).
(b) Find T'(x).
(c) Find T'(2?).
3.2.12.Show that any nonzero constant function between vector spaces is not a linear transformation.

3.2.13.Let V be a vector space with basis B = {I;l, 52, . ,En} Complete the proof from Theorem 3.2.2 that the
coordinate mapping is a linear transformation by showing [a]; = « [0]; for any real number o and any
veV.

3.2.14.Let V be a vector space such that dim'V = 4; let {¢, 02,73} C V be linearly independent and W =
Span {, U2, U3 }. Show that the function f: V' — V that relates ¥ € V to proj w (?) is a linear transforma-

tion.
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3.3 One-to-one and Onto Linear Transformations

In Section 3.1, we learned about when a function is one-to-one, onto, and
invertible. Let’s revisit all of these concepts in the more specific context of
linear transformations. We’ll begin with one-to-one.

Example 3.3.1 Consider the function 7: R2 — R? defined by

x1
T
To 0
This is a linear transformation.”’ Moreover, it is one-to-one. To show this
from the definition, suppose 7'(%) = T (i) for some ¥, @ € R?. Then, we

know that if
U:{Ul} and ﬁ:[ul}
V2 U2
then
U1 Ui
T(U) = V2 and T(’J) = U2
0 0
Thus T'(v) = T() means
U1 Uy
V2 = U2
0 0

From this we see that v1 = w1 and v9 = us, so ¥ = u; this tells us, by
definition, that 7" is one-to-one.
Now, let’s consider Ker T'. If # € Ker T, then T'(Z)

r X 0
(AIRERE
%
? 0 0
Thus, the only possibility for Z is the vector 0 € R2. In fact, this is always

the kernel of a one-to-one function, and this can even be used to tell whether
a function is one-to-one.

This example illustrates a convenient fact that is true in general.

Theorem 3.3.1 Let V and W be vector spaces. A linear transformation
T:V — W is one-to-one if and only if Ker T = {0}.

PROOF. Suppose first that the linear transformation 7': V' — W is one-to-
one. Then there is a unique element of ¥V which maps to 0 in W. Since we
know T'(0) = 0 whenever T is a linear transformation, Ker T' = {0}.

Now suppose Ker T' = {6} Let ¢ and ¥ be vectors in V' such that T'(¢;) =
T'(v3). We need to show that ¥; = ¥ in order for T' to be one-to-one. Since

20: ‘6 Does this look familiar?
Could this have been an exercise in the
last section?
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T is a linear transformation, we have

Thus, ¥; — Uy € Ker T = {6}, s0 7] — T = 0. We then see §#; = 15, as
desired. O

Exploration 78 Consider our favorite linear transformation, ¢: R?2 — R2,

I S )

Is this function one-to-one?

Now we should consider what it means for a linear transformation to be onto.
In particular, Theorem 3.1.1 from Section 3.1 can be restated for linear trans-
formations.

Theorem 3.3.2 Let V and W be vector spaces. A linear transformation
T:V — W is onto if and only if Imag T = W.

Example 3.3.2 Let T: R® — R? be the linear transformation such that for

any

" s B 1 3 5

Z=| zo | €eR° wedefine T(Z) =z 0 +xo 1 +x3 L
€3

We know this is not one-to-one since Ker 7" # {6}.2] Let’s see if it is onto,
though. Based on the definition of the function, we know x1, x2, and x3 can
be any real numbers. Thus,

s3] [ 2] [1])-seu{[ 2]}

Since this is a subspace of dimension 2 in R?, we see that it is all of R2.
Thus, T is onto.

21: ‘% This was done in the previous
section.

Exploration 79 Let f: R? — R be the function defined by

(L ]) =

where x1, x5 € R. We showed in the previous section that this was a linear
transformation. Now, find Ker f and Imag f to determine whether it is one-
to-one, onto, both, or neither.
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Isomorphisms

Now that we have discussed one-to-one linear transformations and onto linear
transformations, we should talk about when a linear transformation has both
of these properties. In Section 3.1, we called such functions invertible. We
have a special name for an invertible linear transformation.”

Definition 3.3.1 Let V and W be vector spaces. A linear transformation
T:V — W is called an isomorphism if it is both one-to-one and onto.
When such a linear transformation exists, we say V and W are isomorphic
vector spaces, and denote this by V = W.

The notation here of V' = W suggests that there is a sense that V' and W
are “equal” if they are isomorphic. This is essentially true, at least as vector
spaces. A one-to-one and onto map between sets means they are in many ways
interchangeable, and the fact here that such a map preserves the vector space
structure means that they have identical structure as vector spaces. However,
to claim that isomorphic is a form of equality, there are some properties of
equality that should be satisfied. >

Theorem 3.3.3 (a) IfV is any vector space, then V = V.
(b) IfV and W are vector spaces such that V=W, then W = V.
(©) IfV, W, and U are vector spaces such that V=W and W = U,
then V = U.

These properties might just come in handy later. Rather than prove these all
here, we’ll do it in the Appendix.

You might recall that the concept of vector spaces being essentially the same
has come up for us before. In Section 1.2, we equated the appropriate vector
space of arrow vectors with each of the vector spaces R', R?, and R3. In truth,
these are isomorphic vector spaces. The elements in these sets and the ways
that they are described are very different, except they are really the same as
vector spaces; that is, they are isomorphic. We also talked in Section 1.4 about
how any plane through the origin in R? “looks like” R?. In truth, each of these
is isomorphic to R2.

Here’s an important one; the coordinate mapping is always an isomorphism.

Theorem 3.3.4 Let V' be a vector space of dimension n with basis B. The
coordinate mapping pp: V- — R" defined by pp(v) = [U] is an isomor-
phism.

PROOF. From Theorem 3.2.2, we know g is a linear transformation. We
need now to show that it is one-to-one and onto. Since Theorem 2.3.1 tells us
that each element in V' is represented uniquely on the basis B, we know g is
one-to-one. By Theorem 3.2.1, ¢p is onto if and only if Imag ¢ = R". By
the definition of ¢, we already have that Imag ¢z C R™. Since Span {B} =
V', every possible linear combination of the elements of 5 must be in V. Thus,
every vector in R™ appears in Imag . It follows that Imag o = R". [

22: & No, the name is not “Ricky,”
but maybe it should be. ..

23: ‘& The properties outlined here
are those needed to form an equivalence
relation on a set. What we’ve actu-
ally saying here is that being isomorphic
gives an equivalence relation on the set
of all vector spaces.
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Let’s think about what this theorem tells us for a moment. Suppose V' is a
vector space of dimension n. Then the coordinate mapping gives us an iso-
morphism between V' and R™. This is actually incredibly important; it tells us
that every vector space of dimension n is in essence “the same” as R™. This
shouldn’t make you think other vector spaces are not important, but it means a
thorough understanding of how things work in R"™ can be useful for predicting
how they work in other real vector spaces.

There’s something else that should be apparent from this; the dimensions of
isomorphic vector spaces match. Let’s formalize this.

Theorem 3.3.5Let V and W be vector spaces, and suppose B =
{V1,...,0,} is a basis of V. If T: V. — W is an isomorphism, then
B={T(th),...,T(0,)} is a basis of W.

We’ll walk through the proof of this fact in the exercises. The above theorem
tells us that isomorphic vector spaces have bases of the same size. Thus, we
have this useful corollary.

Corollary 3.3.6 Tivo real vector spaces are isomorphic if and only if they
have the same dimension.

PROOF. We see from Theorem 3.3.5 that two isomorphic vector spaces will
have the same dimensions since they have the same size bases. The other
direction, where we begin by assuming two vector spaces have the same di-
mension, is given to us from Theorem 3.3.4 and Theorem 3.3.3 since they
would both be isomorphic to R" for the same n. 0

We mentioned above that any plane through the origin in R" is actually iso-
morphic to R?, but what’s the isomorphism? Let’s see an explicit example of
this.

Example 3.3.3 Depending on your background, you may have seen planes
in R? described differently than the span of two vectors. For instance, the
solutions to the equation 3z +2y — 2z = 0 in R3 form a plane. Let’s translate
that plane into more of our language.

3x+2y—2=0 says z=3z+2y.

Thus, the plane is all vectors in the set

2 1 0
Y cx,y €R = 0 | z+ lly:x,yeR
3z + 2y 3 2
1 0
= Span 0,1
3 2
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Since this is now a vector space of dimension 2, we know it must be iso-
morphic to R? and a specific isomorphism here can be given by

1 0
T: Span 01,1 — R?  defined by
3 2
1 0
T 0 = { (1) } and T 1 = [ (1) ] .

3 2
What if the plane we want to consider does not go through the origin? Well,
it is then not a subspace of R?, but there is a way to define our operations
of vector addition and scalar multiplication so that it is a vector space. For
an example of such operations, see the Appendix. This vector space would
again be isomorphic to R2.

Let’s take note of something from that previous example. Once we had a basis
for our plane in R?, we defined our isomorphism by mapping each basis vector
in the space to one of the standard basis vectors in R2. This is really the easiest
way to define an isomorphism.

Theorem 3.3.7 Suppose Vand W are vector spaces of the same dimension.

Let {¥1,...,7,} be any basis for V. A linear transformation T: V — W
is an isomorphism if and only if T maps each basis vector in {U1, . .., U}
to a distinct vector in a basis {W, ..., W, } of W.

PROOF. This is just the combination of Theorem 3.3.5 and Theorem 3.2.5.
O

Exploration 80 Let V' = Span {1 + z, xz} in Py. Just like we did in Example
3.3.3, define an isomorphism 7" from V to R2. Say explicitly what T(1 + x)
and T'(2?) are.

Exploration 81 Again let V' = Span {1 + x,xQ} in Py. Also, let W =
Span {1, z} in P;. We know that these vector spaces both have dimension
2, so they should be isomorphic. Use the given bases to give an isomorphism
T from V to W. Say explicitly what 7'(1 + x) and T'(x?) are.

Exploration 82 Can you find an example of a function between vector spaces
that is both one-to-one and onto but is not an isomorphism? Hint: There’s one
somewhere in the previous section.
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Rank-Nullity Theorem

There is a theorem known as the Rank-Nullity Theorem that we should proba-
bly talk about now. We name it this because that’s what all the cool textbooks
call it. For now, you should just assume the theorem is due to amateur math-
ematicians named Ronnie Rank and Noether Nullity.24 This is, of course, a
lie,”” but the mathematical definitions of the words rank and nullity will come
later.

Theorem 3.3.8 Let V' and W be inner product spaces and T: V. — W be
a linear transformation between them. Then

(Ker T)* = Imag T.

Corollary 3.3.9 Let V and W be inner product spaces with dimV =
dimW and T: V — W be a linear transformation between them. Then

(Ker T)* = TImag T and
Ker T = (ImagT)".

Again, the various subspaces to which we will refer in the proof can be seen
in Figure 3.2.

V = dom (T) W = codom (T')

(Ker T) 7
@ E—
Ker T

FIGURE 3.2. The linear transformation 7': V' — W gener-
ates four subspaces: Ker T and (Ker 7)) in the domain, V,
and Imag T and (Imag T')* in the codomain, V. The top
two subspaces are isomorphic., and when dim V' = dim W,
the bottom subspaces are also isomorphic.

PROOF OF THEOREM 3.3.8. This proof has several elements. We’ll use bul-
lets to keep track.

» We know from Theorem 3.2.8 that Ker T is a subspace of V. Thus,
from Corollary 2.5.2, we know V = Ker T @ (Ker T)*. So every
element of V' can be written as 7 + ¥ for some 77 € Ker T and some
7€ (Ker T)*.

» To show these vector spaces are isomorphic, we need an isomor-
phism. We’ll use T restricted to (Ker 7))+, and we’ll call this map
T to keep it straight. To be clear,

T: (Ker T)t — Imag T
is defined by

24: & They were also full-time
mimes; this was the gig that paid the
bills.

25: ‘B The bit about who proved the
Rank-Nullity Theorem was a lie. We,
however, choose to believe that in an
infinite universe, there exist both Ron-
nie Rank and Noether Nullity, full-time
mimes. Oh yeah, they’re unicorns, too.
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for any ¥ € (Ker T)l. This is a function since T is a function, and
it is a linear transformation since 7' is a linear transformation. We
need to show now that it is an isomorphism. More specifically, we
need to show this map is one-to-one and onto.

» To show T is onto, let i/ € Imag T'. Then there is some @ € V such
that 7'(@) = y. We know from above that

U =1y + Uy
for some 7i,, € Ker T and some ,, € (Ker T)~. Thus,
§="T(@) = T(fty + V) = T(fy) + T () = 0+ T(3,) = T ().
This tells us that 7' maps onto Imag 7.

» We need lastly to show that 7 is one-to-one. We could do this from
the definition, but Theorem 3.3.1 says we need only establish that
Ker T = {0}. Suppose Z € Ker T. Then T'(Z) = T(Z) = 0 and
# € Ker T. Since Ker T'N (Ker T)* = {0}, this says & = 0 and
therefore T is one-to-one.

d

The following is more of a corollary to the above result, but all the other text-
books give it a fancy-sounding name. So we’ll make it a theorem. No, it’s
not just because all the other books are doing it...No, we wouldn’t jump off a
bridge if all the other books did. Look, it’s just that we wouldn’t want to miss
an opportunity to sound really fancy! Whatever. Just call it Theorem 3.3.10 if
you want. Can we just drop it now?>°

Theorem 3.3.10 (Rank-Nullity Theorem) Let V' and W be vector spaces
and T :V — W be a linear transformation between them. Then dimV =
dim Ker T + dim Imag 7.

PROOF. We know from Corollary 3.3.6 that (Ker 7')* and Imag T have the
same dimension. From Corollary 2.5.2 of the Orthogonal Decomposition the-
orem and Theorem 2.5.3, we have that

dim V' = dim Ker T + dim(Ker T)* = dim Ker T + dim Imag 7.

Let’s talk about those words, rank and nullity.

Definition 3.3.2 The rank of a linear transformation is the dimension of its
image. The nullity of a linear transformation is the dimension of its kernel.

Thus, the Rank-Nullity Theorem is aptly named.”’ Let’s see how the theorem
can be useful.

26: ‘é Seriously though, you should
know the name; we expect you to want
to talk about Linear Algebra with many
people throughout your lifetime, and
sadly, many have not been fortunate
enough to learn from this text. There-
fore, you need to know what everyone
else means when they refer to the Rank-
Nullity Theorem.

27: @ It was originally named (ges-
ticulate wildly with your front hooves)
by Ronnie and Noether.
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Example 3.3.4 Let T: R5 — R® be defined by

Iy 5£C1
Z2 T2 + 3
T I3 = I3
XTq X1
Is5 Zo

Since x1, x2, x3 can be any real numbers, we get that

521
To + I3
Imag T = T3 P xT1,T,23 €R
Z1
T2
5 0 0
0 1 1
= Span 0Of,]0(,]|1
1 0 0
0 1 0

We can see then that dim Imag 7" = 3. We can then conclude Ker T has
dimension 2. This helps us to find Ker 7" because if we can find two linearly
independent vectors in the kernel, we know they form a basis of the kernel.

0 0

0

Ker T' = Span 01,0
1 0

0 1

Exploration 83 Consider the linear transformation 7: R* — R? defined by

z1

T T :|:$1+$2+1'3+$4:|.
T3 T1+ T2 — T3 — Xy
Ty

Convince yourself that this map is onto by identifying vectors in R* that map

A

for R2.

Now, the dimension of Ker 7' must be 2 from the Rank-Nullity Theorem. Find
two linearly independent vectors in the kernel.
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Another Useful Theorem

At the end of Section 3.1, we proved Theorem 3.1.5 about the properties of
one-to-one and onto when a function is defined between two finite sets. Then
in Theorem 3.2.5, we saw that linear transformations are completely deter-
mined by what they do on a spanning set. This result implies linear transfor-
mations between finite dimensional vector spaces are similar in some way to
functions between finite sets, and we can now prove a linear transformation
version of Theorem 3.1.5.

Theorem 3.3.11 Suppose T': V' — W is a linear transformation between
finite dimensional vector spaces V and W.
(@) IfdimV > dim W, then T is not one-to-one.
(b) IfdimV < dim W, then T is not onto.
(¢) If dim V' = dim W, then either T is both one-to-one and onto or
T is neither one-to-one nor onto.

PROOF. Suppose first that dim V' > dim W. Since we know Imag 7T is a
subspace of W, we know dim Imag 7" < dim W from Theorem 2.2.4. To-
gether, this says dim Imag 7" < dim V. Then rearranging the Rank-Nullity
Theorem tells us that dim Ker 7" = dim V' — dimImag T and dim Ker T'
must be nonzero since the inequality dim Imag 7' < dim V is strict. Theorem
3.3.1 says T then is not one-to-one.

Suppose next that dim V' < dim W. Again, we turn to the Rank-Nullity The-
orem to see that dimImag 7" = dimV — dim Ker T. From this we see
that dim Imag 7" < dim V' and we can combine the inequalities to see that
dim Imag T' < dim W. We know from Theorem 3.3.2 that 7" is not onto then
since Imag T' = W would mean they have the same dimension.

Suppose lastly that dim V' = dim W. If T is onto, then we know dim W =
dim Imag T'. Then the Rank-Nullity Theorem says

dim W = dimV = dimImag T + dim Ker 7" = dim W + dim Ker T.

This can only be true if dimKer 7" = 0. In that case, T" is one-to-one by
Theorem 3.3.1. Now, if we begin by assuming that 7" is one-to-one, we know
dim Ker T = 0 and the Rank-Nullity Theorem says dimW = dimV =
dim Imag T'. This means W = Imag T and T is onto. We have argued that
T is onto if and only if it is one-to-one. The result follows. 0

Section Highlights

» A linear transformation is one-to-one if and only if its kernel is ex-
actly the zero vector. See Theorem 3.3.1.

» For alinear transformation, 7', the Rank-Nullity Theorem tells us that
dim dom (T') = dim Ker T + dim Imag T'. See Theorem 3.3.10.

» For any linear transformation 7', dim Ker 7" can be used to deter-
mine whether the function is one-to-one, onto, both, or neither. In
particular:
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— T is one-to-one if and only if dim Ker T' = 0;

— T is onto if and only if dimImag 7" = dim codom (T"), and
by the Rank-Nullity Theorem, dim Imag 7' = dim dom (T") —
dim Ker T

See Theorem 3.3.10, Theorem 3.3.1, and Theorem 3.3.2.

» If there is a one-to-one and onto linear transformation between two
vector spaces, we say the vector spaces are isomorphic, a form of
equivalence for vector spaces. See Definition 3.3.1.

» Any n-dimensional vector space is isomorphic to R™ via the coordi-
nate mapping. See Theorem 3.3.4.
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Exercises for Section 3.3

3.3.1.Determine whether the linear transformation is one-to-one, onto, both or neither. If it is not onto, find
Imag T'. If it is not one-to-one, find Ker T'.

(@) T: Py — R? defined by

T(ao + a1 + a3z?) = [ agp + ay ]
a2
(b) T: Py — R3 defined by
ao
T(ap + a1x + azz?) = | a
as
(c) T: Py — R3 defined by
ag + ay
T(ag + a1z + a2x2) = 2a1
al + an
(d) T: Py — R* defined by
ao
+ ag
T | "
(ag + a1z + agx”) o1+ G
as
(e) T: R?* — R? defined by
I I
T X9 = Ty
€3 Zr2
(f) T: R — R? defined by
I 1 — T2
T ) = T
I3 T2
(g) T: R? — R? defined by
T
T
T i) = |: ! ]
X2
3

3.3.2.Determine whether the linear transformation is one-to-one, onto, both or neither.
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(@) T: Py — R* defined by

ap — ax
T(ao + arx + azz?) = a2
a2
ay
(b) T: Py — R* defined by
ap
T(ag + arz + azx?) = e
a2
a1
3.3.3.Let T: P, — R3 defined by
aog — aq
T(ag + a1z + agxz) = | a1 —ay
a9 — Qo
(a) Which of the following vectors are in Ker 7?7
1—ux, 1+x+x2, x—a:Q, 1—xz—a?
(b) Which of the following vectors are in Imag 71?7
0 1 0 0
11, 1], 1], 0
2 1 0 0

3.3.4 Find the dimension of Ker 7" using the Rank-Nullity Theorem.
» T: R3 — R? defined by

2y T )
T To = |: 2 ]
T3
L 73
» T: R> — R? defined by
Z1
To T
12|tz
T
Iy
L x5 -
» 7:R3 — R? defined by
e ]
T xTo = |: o :|
T
L 73
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3.3.5.Suppose T': V' — W is an isomorphism of vector spaces and {#, ..., Uy, } is a basis for V.

(a) Use the fact that T is onto to show that {T'(¢}),...,T(¥,)} is a spanning set of W.
(b) Use the fact that T" is one-to-one to argue that {T'(¢7),...,T(¥,)} is a linearly independent set.
This completes the proof of Theorem 3.3.5.

3.3.6.LetT: R? — R? by

x1 1 + 4729
T To = To — 48563
I3 I3

Calculate T'(¢€}), T(€>), and T'(€3), and explain how this proves that 7" is an isomorphism.

33.7LetT: R* - R"and S: R" — R".
(a) Is it possible that dim Ker T < dim Ker (S o T')? Explain.

(b) Is it possible that dim Ker S < dim Ker (S o T')? Explain.
(c) Is it possible that dim Ker (S o T') < dim Ker T'? Explain.
(d) Is it possible that dim Ker (S o T') < dim Ker S? Explain.

3.3.8.Let V = Span {z,1 + #?} in P;. Find two distinct isomorphisms 7" and S from V' to R2
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3.4 Matrices

At some point, you might have been given the impression”® that Linear Alge-  28: @ Certainly not from us.
bra is all about matrices. Don’t feel bad; matrix theory is often confused with
linear algebra. We know now that Linear Algebra is the study of linear trans-
formations on vector spaces.” In this section, we will begin the discussion of
what a matrix is and also how it can be connected to a linear transformation.

29: & One of the three unicorns does,
anyway.

What is...a Matrix?

Definition 3.4.1 An m x n matrix A is a rectangular array of numbers with
m rows and n columns:

a11 a2 -+ G1n

a21 G2 -+ G2p
A_ =

Am1 Am2 Amn

The number a;; in the ith row and jth column is called the ijth entry. Ma-
trices are sometimes also written as
A = [aijlicicm, -
1<j<n
An n X n matrix is often called a square matrix. For convenience, the set
of all m x n matrices with real number entries will be denoted by M, x .

The numbers in a matrix may be integers, real numbers, complex numbers,
etc. The entries don’t even have to be numbers! You could make a matrix of
polynomials or even emojis™ if you really wanted. In this course, we will use
real numbers unless otherwise specified.’’

30:0r Greek symbols. Or even. ..
&

31: & I caught that! They’re planning

Another common notation (that will be particularly useful for us) is to think
of an m X n matrix as n vectors from R all lined up next to each other, so

aip a2 -0 Gin to specify non-real matrices at some
az1 Q22 - G2 point!
A - @
Probably in Chapter 5. I've heard
L Gm1  Gm2 Amn everything gets a bit more complex
- — there.
ail ai2 ain ﬁ
as as9 asp, L . Do you think they’ll change the
= a1 az---ap meaning of M, xn, then?
I 1 G2 . Quite possibly.
where
a1y
a; = : , for 1<j<n
Qmj

We call @; a column vector for the matrix A.



BUILDING A LINEAR TRANSFORMATION FROM A MATRIX 191
Example 3.4.1 Here’s a 2 x 3 matrix:

1 2 3 N
A:[4 . 6}:[611@2@3},

(_1’—1 6—2 andc’i—3
1_472_57 3_6.

Fun facts: as; = 4 and a19 = 2.

where

Exploration 84 In the matrix A from Example 3.4.1, what are a135 and ag2?

Building a Linear Transformation from a Matrix

Before we can use a matrix to make a linear transformation, we will need to
define a type of multiplication between a matrix and a vector.

Definition 3.4.2 Let A € M., «,, with columns d-, . .. ,d,, and let ¥ € R™.
The product of a matrix and a vector, that is, the product of A and T, is
the linear combination of the columns of A with the entries of ¥ as weights.
That is,

T
T2
A52[51&'2~-~6n . = x1d1 + Tods + - - - + Tpdy,.
T
Example 3.4.2 Let
1 2 7
1 2
A:[4 . 2}’ B=|3 4|, v=|8 |, and ﬁ:{g}
5 6 9

We can calculate Av and Bu; see Exploration 85.

Note, however, that A« and B4 are not defined. For A, the matrix A has
three columns, while « has only two components; thus, there is no way to
form a linear combination. Similarly for B, the matrix B has only two
columns, and v has three components.

Exploration 85 Let
_ 1 0
s [0 0] ] s .
- 3 -1
[ 1
v o= -2 |, and ﬁ:[?].
. O

Calculate A7 and B1.
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L 1 2 3 - 1 2 3
A7 = 456} 8 _7[4]%[5%9[6]
9
B 7 N 16 N 277 [ 50
o 28 40 54 | | 122
r1 2 - 1 27
Bi = 4 LJ:? 3| +8] 4
| 5 6 5 6 |
[ 7 16 23
— 21 |+ 32 | =1 53
35 48 83

With this product definition in hand, we are able to make any matrix into a
linear transformation.*”

Theorem 3.4.1 Let A € M, «n, and define T': R™ — R™ by
T(Z) = AZ.
Then T is a linear transformation.
When a linear transformation is defined as multiplication by a specific matrix,
we often use the following terminology and notation.
Definition 3.4.3 Let A € M, ., and define T4 : R™ — R™ by
T4 (Z) = AZ.

We will call T 4 the linear transformation induced by A.

PROOF. We need to show that for any vectors Z, ¥ € R™ and any scalar o € R,
we have

TA(Z+§) =Ta(@) + Ta(y) and Ta(aZ) = aTa(Z).
We may write A = [d@; - - - dy,]. First note that

1+
Ta(@+y)=AF+y) = [a ) :
Ty + Yn
= (x1+y)dr+ -+ (Tn + Yn)dn
= (x1dy + -+ xpdy) + (Y181 + -+ Yndn)
T Y1
= @ ---d,] : + (@1 -~ @)
Tp Yn
= AT+ A =Ta(Z) + Ta(¥).

32: ‘6 Read that last sentence again.
It’s a big deal.
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Now, we need to show that for any scalar & € R, we have Ty (aZ) = aT4(Z).
To see this,

Z1
TalaZ) = AlaZ) = [d1--dp]|a|
Tn
[ oz
= [a1-- ] :
| az,

= (az1)dy + -+ (azy,)d,
= a(rid + -+ xndy)

= AT = aTy(2).

Example 3.4.3 Let

o 3 O - 1 = V1
A{O 1], u[2}, and U|:"U2:|7

and define T4: R? — R? by T4 (%) = AZ. Find the images T4 (%) and
T4 (V). Here our linear transformation is defined as multiplication by a ma-
trix A. We can compute

no-aa-[3 ][ 4]-w[3]sn] 2]-[2]

and both « and its image under T4 can be seen in Figure 3.3.
For the arbitrary vector ¢/, we have

-3 2 [2]a[2]m [ 2)- (%)

and now we have a nice formula for the image under 74 of any vector in
R2.

FIGURE 3.3. The vector # € R? and its image T (@) €
R2.
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Exploration 86 Let’s use our matrix B from earlier to define a linear transfor-
mation. Specifically, let

1
B=| 2
3

S U

and define Tg: R? — R3 by T5(%) = B7.

> WhatisTB< 1 ])’?

> WhatisTB< 3 })‘7

Example 3.4.4 Suppose we wanted to define a map G: R — R by
G(Z) = AZ? How many rows and columns must A have for this linear
transformation to be well-defined? Since

T

Af:[alan] :xldl+"'+xn6na

x’ﬂ
It follows that & needs as many components as A has columns. Since
Z € RY, we see that A must have nine columns. Moreover, AZ is a lin-
ear combination of the column vectors @;. Since AT € R, we must also
have @; € R' for each 1 < j < 9. It follows that A must have fourteen
rows. Thus, A € Mi4xg.

Revisiting Image and Kernel

Now that we’ve seen that a matrix can define a linear transformation, we can
talk about the kernel and image of such a function. Let’s start with an example.

Example 3.4.5 Let

12 30
A_[01—2 4]’

and define T4 : R* — R2 by T (%) = AF. We shall find Ker T4; that is,
we would like to describe the set

KerTA:{f€R4:TA(f):6}:{fER4:Af:@}.

Solving AZ = 0 means solving

X T
1 2 3 0 To _ 0 S T2
01 -2 4 zs | | 0|’ | z3

T4 T4
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After doing the matrix-vector multiplication, this becomes

alo]smli]en 2] ]i]-[5]

[m1+2x2+3x3}:[0]

or

To — 223 + 4xy 0

Now we just have a system of two equation in four variables:
1+ 2x9+3x3 = 0
To —2x3 +4x4 = O.

Solving for x5 in the second component, and substituting it into the first
equation, we have

Ty = —Tx3+ 8xy
X9 = 2$3—4$4.

These are the conditions on the vector Z that must be satisfied in order for
Az = 0. Thus

Ker TA =

eR*: 7, = —Tx3 + 8x4 and x5 = 223 — 44

However, this is not very satisfying. We can, in fact, clean this up quite a
bit. Note that

1
) eR*: 21 = —Tx3 + 8x4 and xo = 223 — 424
x3
x4
*7173 e 8:174
= 2y — Ay €R4Z$3,(E4€R
€3
T4
=7 8
2 —4
= { T3 1 + x4 0 cx3,24 €R
0 1
It follows that
—7 8
2 —4
Ker T4 =S
er Ty pan e 0
0 1

It turns out we really only needed the matrix A to tell us what 7’4 does to a vec-
tor in R%. Since T4 is completely determined by the matrix A, the following
definition makes sense.

Definition 3.4.4 Suppose A € M, «xn and T4: R™ — R™ is the linear
transformation induced by A. We then define the kernel of the matrix A,
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denoted Ker A, to be Ker T4. That is,
Ker A= {# € R": AZ = 0} = Ker Th.

Sometimes Ker A is called the nullspace of the matrix A.

Example 3.4.6 Define A = { _(1) 7(1) ;1 } . Then we can find Ker A by
solving for all vectors
1
T = X9
T3

such that AZ = 0. That is,

—1 0 4] ] _To
0 —1 2 21 7o |”

L3
This gives us the equations
—x1+4x3 =0
—x9 4+ 223 =0

which simplify to ; = 423 and 2 = 2x3. So

41}3 4
Ker A= 2¢3 | : x3 € R 3 = Span 2
I3 1

Exploration 87 Define A = { (1) (1) 1 ] . Find Ker A.

Now that we’ve seen that we can extend our definition of the kernel of a linear
transformation to a matrix, let’s look at an example of the image of a linear
transformation defined by a matrix. Let’s start with a familiar example.

Example 3.4.7 Let

01 -2 4
and define T4: R* — R? by Ta(Z) = AZ. This time, we will find
Imag T'4. Let

A:[lQ 30]7

X1
T2

8
Il

z3
T4
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We can use this general vector to see what a general element of Imag T4
must look like. That is,

T

L. J12 307 a
TA(I)_A‘”_[O 1 -2 4] T3
L T4

[t sal2)en ] ]2)

From this equation, we conclude

=[] 2]-[ 4] (2]}

Since this is definitely a spanning set for R?, we can say Imag T4 = R2.
Now, how does this relate to the matrix A? Well, it’s the span of the column
vectors of A! This is true in general.

Definition 3.4.5 Let A = [@ - - - 4] € Myyxn. The column space of A,
denoted Col A, is the span of the column vectors d; for 1 < j < n. That is,

Col A =Span{d,...,d,}.

Exploration 88 Find Col A where

A:OOl.
01 -1

Theorem 3.4.2 Let A € M, «n and suppose T4 : R™ — R™ is the linear
transformation induced by A. Then Imag T4 = Col A.

PROOF. Let ¥ € R™ and suppose A = [d@; - - @y] where a; € R™ for all
1 <7 < n. We know

A

T2

8
Il

Tn
for some z; € R for each 1 < ¢ < n. Thus,

T1
T2

TA(Z) = AZ = [dy - - - dy] : =1a1 + T2l + -+ - + Tpln.

Tn

From this equation, we see that a vector ¢ € R™ is in Imag T4 if and only if
7 € Col A, and the sets are equal. dJ
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One-to-one and Onto for 74

Recall that we say a linear transformation is onto if its codomain and image
are equal. Thus, we have the following corollary.

Corollary 3.4.3 Let A € M, ., and suppose T4 : R™ — R™ is the linear

transformation induced by A. Then Ty is onto if and only if the columns of
A span R™,

Now that we’ve brought up the concept of T4 being onto, what about deter-
mining when it’s one-to-one?

Theorem 3.4.4 Let A € M, «n, and suppose Tx: R™ — R™ is the lin-
ear transformation induced by A. Then T4 is one-to-one if and only if the
columns of A are linearly independent.

PROOF. The columns of A are linearly dependent if and only if there are

scalars (not all 0) ¢q,...,c, such that c1d; + ---cp,d, = 0. This is true if
and only if
C1
Aé=[dy---dn)| + | =0
Cn

Then we have a nonzero vector ¢ € Ker A. By Theorem 3.3.1, this is true if
and only if T'4 is not one-to-one. g

Example 3.4.8 Define the linear transformation 7: R? — R3 by T'(%) =
AZ, and

0 0
A=|1 0
0 1/2

Since the columns of A fail to span R3, we have from Corollary 3.6.3 that
Imag T has dimension two. Since R3 has dimension three, it is not possible
that Imag T' = R3, so by Theorem 3.1.1, T is not onto.

However, since we can see the two column vectors are linearly independent,
we know that 7" is one-to-one.

Exploration 89 Define the linear transformation 7': R?® — R3 by T'(%) = A%,
where

1 10
A=11 11
1 11

Is this linear transformation onto? Is it one-to-one?

Section Highlights

» A matrix is a rectangular array of numbers. See Definition 3.4.1.
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A matrix, A, with m rows and n columns, induces a linear transfor-
mation, Ty : R™ — R"™. See Theorem 3.4.1 and Definition 3.4.3.

The span of the column vectors in a matrix A is called the column
space of A and denoted Col A, and Imag Ty = Col A. See Defini-
tion 3.6.1 and Theorem 3.4.2.

The kernel of matrix A, denoted Ker A, is defined as Ker T4. See
Definition 3.4.4.

The linear transformation 7’4 is one-to-one if and only if the columns
of the matrix A are linearly independent. See Theorem 3.6.2.

The linear transformation 7’4 is onto if and only if the columns of A
span the codomain. See Corollary 3.6.3.
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Exercises for Section 3.4
3.4.1LetZ € R3, yc R, Z€ R and A € M,,,»,,. What must m and n be...
(a) ...sothat AZ = ¢?

(b) ...sothat AZ = 2?

(c) ...sothat AZ = ¢?

3.4.2.Consider the vectors below:

1
1 ! —11 2
f:[ } g=| 1| a= i | o
2 0
-3 9 3
1
For each matrix A below, exactly one of AZ, Ay, A, and Av can be computed. Compute the one that is
defined.
[ 1 3 1 0 2
A:
@) = 5} @ A=| -2 2 3
| -2 0 3
r 1 -2
5 [ 1 3 2 1
f— A:
by A=| o ©@A=] 9 50 2
L1 1 ]
1 2 3 1
1 3 2 HA=]| -2 1 3 2 0
c) A=
© [ -2 5 3} | -1 2 0 0

3.4.3.Let T4 : R* — R? be the linear transformation induced by A where

1 1 -2 3
A_[1—1 4—6]'

Find Ker A.
3.4.4 Let
1 -2
A:[z _f ﬂ B=|0 1|,
3 -5
1
17:{ 3}, and U= 0

(a) Compute Aw and Bv.
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(b) Let T4: R® — R? be the linear transformation induced by A. Note that means T (%) = AZ for
any ¥ € R3.

(i) Find Imag T4 = Col A.
(ii) Find Ker T4 = Ker A.
(iii) Is T’y one-to-one?

(iv) Is T4 onto?

(c) Define T: R%Z — R3 to be the linear transformation induced by B.
(i) Find Imag Ts = Col B.
(i) Find Ker T = Ker B.
(>iii) Is T'p one-to-one?

(iv) Is T’z onto?

3.4.5.Let
2 -1 0
0 1 -1 1 -2
A= 11 1| B_[—Q 4]’
-1 -1 -1
1
17:{ 3}, and U= 0
-2 1

(a) Compute Au and Bv.

(b) Let T4: R® — R* be the linear transformation induced by A. Note that means T (%) = AZ for
any T € R3.

(i) Find Imag T'4 = Col A.
(ii) Find Ker Ty = Ker A.
(>iii) Is T’y one-to-one?

(iv) Is T’y onto?

(c) Define T: R%Z — R? to be the linear transformation induced by B.
(i) Find Imag T = Col B.
(i) Find Ker T = Ker B.
(iii) Is T’z one-to-one?

(iv) Is T’z onto?
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3.4.6.For each matrix A below, do the following in order:

(a) Find the the domain and codomain of T'4.

(b) Find a basis for Ker A and compute dim Ker A.

(c) Use the Rank-Nullity Theorem to compute dim Col A.

(d) Find a basis for Col A.

(e) Determine whether T’y is one-to-one, onto, both, or neither.

202

(f) Based on your previous answers, are the columns of A linearly independent?

(a) A=

b) A=

(c) A=

d A=

(e) A= _

(13
05
12
-1 -2
11
0 1
0 3
0 1
11
0 1
0 3
10 2
05 3

3.4.7.Suppose we have the matrix

For what values of a is the induced linear transformatio

fH A=

(g A=

(h) A=

(i) A=

A:

— = Q
_ = O

1
1
1
n

T

hS

1 0 2

-2 0 -4

0 0 3
1 3 0 1
0 5 0 2

1 3 4 1

0 5 0 2
01 01

0 2 0 1

1 3 2 31
-2 0 3 2 0
-1 1 2 0 0

an onto linear transformation? Why?

3.4.8.Determine by inspection of the columns whether these matrices correspond to transformations that are one-

to-one. Explain your reasoning.

(@ |1
| 1
[ 2
® |0
| 1

1
2
1

= o O

2

© |0
| 1

[ 2

0

@ |
L 0

o

O O NN

_— O

o = O O
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3.4.9.Determine by inspection whether these matrices correspond to transformations that are onto. Explain your

reasoning.

2 1 [2 1 07

(@ [ 1 2 © [0 20
|1 1 |1 0 1 ]
(2 1 07

[2 0 0 1 1 0 2 0

(d)

(b) 0 0 1 -1 1 0 1

11 0 1 1 0 L0 0 0 |

3.4.10.Suppose B € M., «,, with induced linear transformation 7Tz: R" — R™. Let 71,72 € R" be such that
{#1, @2} is a linearly independent set. If B¥1 = BZs = 0, what is the largest and smallest dim Ker Tz and
dim Imag T’p can be? Explain your reasoning.

3.4.11.Let T: R® — R? be defined by T(¥) = AF where

-1.0 0
A=| 0 2 0
00 3

For any vector & € R?, describe its image 7'(%) geometrically.
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3.5 The Matrix of a Linear Transformation
In the last section, we learned about matrices and how a matrix can be used to
define a linear transformation. But can we go the other way? If we start with
a linear transformation, is there a matrix that can be associated to it? Yes!*>

Matrix Representation with the Standard Basis of R"

Let’s start with an example.

Example 3.5.1 Let T: R? — R3 be a linear transformation such that for
the standard basis vectors €}, €; € R?, we have

) -3
T(gl) = -7 and T(gg) = 8
2 0

Note that for any vector & € R2, we have

= L L + g =z 1 +z b = 11€] + 226
ol PSRl I $2—1O 2| | =51e 2€2.

Then using the definition of linear transformation,

T(&) = T(z1€1+ x263)
5 -3
= xiT(€1) +xT(er) = 1 | =7 | + 22 8
2 0
Then using the definition of the product of a matrix and a vector,
5 -3 5 =3
- T
TX) = x| =7 | +x2 8 | = | =7 [ ] .
2 0 2 o |Lt™
Thus, T(Z) = AZ, where
5 =3
A=| -7 8
2 0

This strategy works in general!
Theorem 3.5.1 Let T: R® — R™ be a linear transformation. Using the
., €n } for R™, define
A=[T(@)-T().

Then A is the unique matrix in M, x,, such that T = T. That is, T(Z) =
AZ for any ¥ € R"™.

standard basis {€}, . .

Because of its connection to the standard bases for R™ and R™, this matrix is
sometimes referred to as the standard matrix for the linear transformation T .
If you look carefully at the steps in Example 3.6.2, you will see how to prove
this result. Let’s walk through that together.

33: @ Yes?

@ YES! There are actually infinitely
many.

[‘B That’s too many. You can keep al-
most all of them.
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Exploration 90 PROOF. LetZ € R™. We would normally write Z as a column
vector, but let’s write it as

r=ux1€1+ - +x,6,

instead. Note that this is the unique way to represent Z in terms of the standard
basis by Theorem 2.3.1. Using 7 in this fashion and the linearity of 7', find a
way to write T'(Z) as AT for some matrix A.

Our theorem states that this matrix A is unique. How does this follows from
the uniqueness result of Theorem 2.3.1?

Let’s see an example of this theorem in action.

Example 3.5.2 Let T: R? — R* by

Tr1 — T2
I 0
T ] =
T3
I3 0

Using Theorem 3.5.1, we can build A by finding the image by 7" of each
standard basis vector for R?; these will be the columns of A. Specifically,
we have T'(Z) = AZ, where

S O =

-1 0
0 0
0 1

0 0 0

Note that we weren’t told at the start that this was a linear transformation.
However, if we verify that T(¥) = A7 for any ¥ € R3, we’ll know T is a
linear transformation from Theorem 3.4.1.

1 -1 0 1 -1 0
e |0 00 ”1_x0+x0+x0
“lo 01 zz_lo 2l o 31
0 0 0 3 0 0 0
r1 — T2
0
= :T_’
s ()
0

This tells us 7" is a linear transformation!

Example 3.5.3 First, let us take the frequent geometric convention to la-
bel the three coordinate directions in R as z, y, and z, respectively. Let
T: R3> — R3 be defined as the linear transformation rotating all vectors
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7 /4 radians around the z-axis and increasing by a factor of 2 in the z direc-

tion. Let’s also assume this rotation is counterclockwise in the plane™ i@ . .
34: This is the usual zy plane in

T R3.
y | cz,yeR
0
Let’s use the standard basis {€7, €2, €3} for the domain and codomain. Note
that
V2 -2 0
T(gl) = \/i ’T(€2) = \/5 7T(€3) = 0
0 0 2
By Theorem 3.5.1, we have

Exploration 91 Find a linear transformation 7': R* — R* that interchanges
the x; axis with the x3 axis, maps the x5 axis to 6, and does nothing to the x4
axis. Then find a matrix representation for 7" using the standard basis for R*
in the domain and the codomain.

General Version of a Matrix Representation

Using coordinate vectors, Theorem 3.5.1 generalizes nicely for arbitrary finite
dimensional vector spaces.

Theorem 3.5.2 Let V' and W be vector spaces and T : V. — W be a linear
transformation. For each pair of fixed bases, By for V' and By for W,
there exists a unique matrix A such that for all vectors v € V,

[T(@)s, = AV, -

Moreover, if By = {U1,...,U,}, then
A= [[T(@)]g,, - [T(@)lg,] -

For any linear transformation 7': V' — W, we call the matrix A obtained from
Theorem 3.5.2 the matrix representation of T relative to the bases By and
By . Note that a different choice of basis for either V' or W would result in
a different matrix representation. Before we delve deep into the proof of the
theorem, let’s see it in action with an example.

Example 3.5.4 Let T': P;3 — P53 be defined by
T(a+ bz + cx® + dz?) = (a — b) + (c — d)2>.
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The advantage to Theorem 3.5.2 over Theorem 3.5.1 is that with the more
general theorem, we can build a matrix representation for a linear trans-
formation between any vector spaces, even if their vectors aren’t column
vectors in R™ for some positive integer n. This is done, of course, by way
of coordinate vectors, so the matrix representation, A, will depend on our
choice of bases. Let’s use B = {1, , 2%, 23} as a basis for P3 in both the
domain and codomain. Recall that a general vector p’ = a + bx + cx? + dx®
has coordinate vector

a
_, b
[,U}B_ c )
d
so, for example,
-1
T@—ay = [1+25= | |
T—2%)|p= T g = 1
0

To use Theorem 3.5.2, we need to find the coordinate of the image by 7" of
each basis vector in /3. That is,

A = [Tl F@ls 6] 1))
1 -1 0 0
[ T [P e = |0 00O
0 00 0

Great! We just built a matrix A that is a matrix representation for 7. Let’s
think a bit about what all this was on the level of functions. We started with
T:P; — P3. We know that P; = R* because the coordinate mapping
©p5: P3 — R* is an isomorphism. You probably noticed that A € My,
so we can define a linear transformation T4 : R* — R* by T4 (%) = AZ.
This gives us the following commuting diagram of linear transformations:

T
P3 I Pg
©s vB
T
R4 A R4
The way you should think about this diagram is that the coordinate isomor-
phisms represented by the vertical arrows allow us to translate between 1’
and T4. Then, we can examine all the stuff with 7" and P35 or we can use

the matrix representation T4 and R*. We’ll talk a bit more about diagrams
like this below.

We should be ready now to talk about the proof of Theorem 3.5.2, so let’s get
started.

PROOF. Let’s suppose V and W are vector spaces with dimV = n and
dim W = m, and fix some bases By = {#1,...,0,}and By = {1,..., Wn}
for V' and W, respectively. We know from Theorem 3.3.4 that the coordinate
mapping gives an isomorphism between V and R™ and between W and R™.
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This statement actually involves four different linear transformations, and they
are all relevant here. Specifically, we have

> 5, : V — R" defined by g, (¥) = [U]g, forany v € V

L1
> op,: R" =V defined by ¢! : =210+ Ty

Tn

> ©B, : W — R™ defined by ¢, (@) = [W]p,, forany & € W

T
> cpg‘}vz R™ — W defined by 90;:‘/ =z + -+
Tm

Loy, W -

Suppose now that we have a linear transformation 7: V' — W. We know
from Theorem 3.2.3 that we can compose linear transformations to form new
linear transformations. Consider then the composition

WOTOgoB R™ — R™.

Let’s call this new linear transformation 7. Here’s a useful commuting dia-
gram for this situation.

ope

(3.3) R 2V, T gy PEw g

\f/

This 7 is a linear transformation which has input of coordinate vectors for By
and whose output is in coordinate vectors for By, . Also, it is determined by
our linear transformation 7! Now, let’s compute the matrix A from Theorem
35.1forT.

A= [ -~ T(Ey)
= [¢Bw oTochV(é') o 0By 0T 0! (€n)]
= [pBw o T(Th) -+ @By o T(Vh)]
=[[T(0)]gw - [T(0:)]Bw]

So by Theorem 3.5.1, we know T = T, for this matrix A. Moreover, by
examining our functions we see that this says exactly that

[T, = AlV]s,

O

The commuting diagram in Figure 3.4 is a convenient way to organize all of the
sets and functions that came up in Theorem 3.5.1 and its proof. As long as we
follow the maps in the direction they point, composing functions as we go, all
that matters are the starting and ending points. As a bonus, remember that the
coordinate mappings are isomorphisms, so, while they are not pictured, there
are inverses for each of the coordinate mappings with arrows that point in the
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opposite direction. Since these vertical arrows represent isomorphisms, we can
think of 7"and T'4 as “equivalent.” They aren’t completely the same since they
map between different spaces, but they will share all the linear transformation
properties. *°

V =dom (T W = codom (T")

(Ker T)L T
(4)) e
Ker T
lgplgv lngW
(Ker A)* T Col A
@ s SN D
Ker A (Col A)*
R" R™

FIGURE 3.4. The linear transformation 7": V' — W gener-
ates four subspaces: Ker T and (Ker T)* in the domain V'
and Imag T and (Imag T))* in the codomain . The ma-
trix transformation 7’4 given by the matrix representation A
of T' also generates subspaces.

Figure 3.4 also strongly suggests that there is a natural decomposition of the
domain and codomain of 7’4 that is analogous to the decompositions for 7'.
This should not be terribly surprising, but we’ll put off a formal statement and
proof of that fact until the next chapter.

Kernel and Image of 7" from A

We have said that the advantage of this matrix representation is that we can
work with the matrix rather than the original linear transformation. In Sec-
tion 3.4, we saw this with Ker A and Ker T4. Now we can define the rela-
tionship more generally between Ker T and Ker A, where A is any matrix
representation for 7'. Like we said before, it’s not quite true that these are
equal. What is true is that these are isomorphic via the coordinate mapping,
which is admittedly pretty close to being equal. Let’s state this formally and
prove it.

Theorem 3.5.3 Let V' and W be vector spaces with bases By and Byy,
respectively. Let T: V. — W be a linear transformation whose matrix
representation relative to By and Byy is A € M, »r. Then

Ker T ={Z € V: Alilg, =0}

35: ‘E This is the same thing that iso-
morphisms do for vector spaces!
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That is, ¥ € Ker T if and only if pp,, () € Ker A, and Ker T = Ker A
via the coordinate mapping.

PROOF. Suppose Z € Ker T, so T'(Z) = 0. Since T = wl;;/ oT4 0 pp,, We
know T'(#) = 0 if and only if

(@EVIV oTaopp,) (&) = 0 if and only if
(Taops,)(F) = @5y, (0)if and only if
Tuldlz, = 0.
Thus, 7 € Ker T if and only if [Z] 5, € Ker T4 = Ker A. O

We can do something similar with Imag 7" and Col A. These are also isomor-
phic by the coordinate mapping.

Theorem 3.5.4 Let V' and W be vector spaces with bases By and By,
respectively. Let T:V — W be a linear transformation whose matrix
representation with respect to By and By is A € My, xn. Then

Imag T'= {w € W: [&]z, € Col A}.

That is, W € Imag T if and only if pp,, (W) € Col A, and Imag T =
Col A via the coordinate mapping.

The proof of Theorem 3.6.1 is similar to the proof of Theorem 3.6.10.%°

Now that we know Ker T' = Ker A and Imag T' = Col A whenever A is a
matrix representation for the matrix 7', we actually can tell quite a lot about 7'
from any matrix representation, A. For instance, if we know either dim Ker T'
or dim Imag 7', we can say whether 7" is one-to-one or onto. Now, we can
conclude these from properties of the matrix A!

Theorem 3.5.5 Let V and W be vector spaces. Let T': V. — W be a linear
transformation with matrix representation A € M, «n. Then we know the
following:
(a) T is one-to-one if and only if the columns of A are linearly inde-
pendent.
(b) T is onto if and only if the columns of A span R™.
(¢) T is an isomorphism if and only if the columns of A form a basis
for R™,

This doesn’t really need a proof. For the first two statements, we’ve just
restated Corollary 3.6.3 and Theorem 3.6.2 in light of Theorems 3.6.10 and
3.6.1. Then the last statement is a combination of the first two with the defini-
tions of a basis and an isomorphism.

More Examples!

The big takeaway here is that anything you want to know about any linear
transformation on any finite dimensional vector spaces can be found using

36: @ Exercise!



MORE EXAMPLES! 211

matrices and column vectors. That’s actually quite amazing. We should look
into that more.

Example 3.5.5 Define 7': P; — P, by taking the indefinite integral of
vectors in P; and using zero for the constant of integration. That is, for
P = a + bz, we have

1
T(p) =T(a+ bx) =ax + ibe € P,.

Since a and b are arbitrary real numbers, we see that Imag 7T is the set of
vectors in P with zero as a constant term.

Using the standard bases B; = {1,z} and By = {1,z, 22} for P; and P,
respectively, we have from Theorem 3.5.2 that [7'(p)] 5, = A [p], , where

1 0 0
A= [T, T@)s,] = l[x]gz 5 ] -1 o
Bs 0 1/2
Then Col A is (by definition) the span of the vectors
0 0
ar=| 1 and dy = 0
0 1/2

Since Imag T is the set of all vectors in [Py with zero as a constant term, we
have

0 0
{[plg, €R*: pcImag T} = Sa| 1 |+b| 0 |:abeR
0 1

= Span{és, 3} = Span{a;,ds},

where €; are the standard basis vectors in R3. This is precisely what we
were told by Theorem 3.6.1:

Col A = {[plg, € R*: j€ Imag T}.

Exploration 92 Let T: P, — Py be defined by T'(a+bx+cz?) = (b—a)+ax
for any a+bx+cx? € IPy. Find the matrix A that represents this transformation
relative to the bases {22, x,1} and {x, 1}.

What is Ker A? Use the coordinate mapping to translate your answer back to
vectors in Py to find Ker T'.
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Example 3.5.6 Let Hp = Span {51 =14+ 93,52 =+ Iz’gg _ 935} S0
Bp = {51, 52, 53} is a basis for Hp. Similarly, let
0

Hg = Span { 77 = ,Up = , U3 =

S O N =
O =
= =0 O

so Bo = {¥1, Vs, U3} is a basis for Ho. Let T: Hp — He be the linear

transformation such that T'(b;) = ¥; for eachi = 1,2, 3.
We know Hp = R3 and He = R3, so we’d like very much to build a linear

transformation T4 : R? — R? such that T4 (7) = A {E}B = [T(g)]B ,
where A € M33. This is why we have Theorem 3.5.2: Y ‘

A = HT<51)}BC {T(EQ)]BC |:T(53):| c]

B
1 0 0
= Hvl]gc [112]30 [US]BC] =010
0 01

Wait, what? This actually checks out, but why is our matrix so simple this
time? We started with isomorphic vector spaces; note that Ho = Hp. Then
our linear transformation was built on the basis of our choosing; this flexi-
bility to choose whatever basis you like can make your life much simpler.

In that previous example, we saw how nice our matrix can be given a careful
choice of the bases for the vector spaces. What if we start with a linear trans-
formation defined by a matrix, but we’d prefer a simpler-looking matrix. Well,
we could change the basis we are using. ..

-1 -2 -1
Example 3.5.7Let A= | —1 0 0 | and define 7: R? — R? by
2 2 1

T(Z) = AT for any ¥ € R3. Well, the form of A is not that bad, but let’s
see what it looks like if we were to replace the standard basis with the basis

1 =2 0
B={v = 1 , Uy = 2 , U3 = 1
=2 0 =2

Well, how do we do this? Actually, Theorem 3.5.2 tells us exactly what to
do. We are still using coordinate vectors, even though we didn’t actually
change vector spaces. So, we first need to find T'(¢), T'(U2), and T(3).

[ -1 -2 -1 1 -1
T@)=|-1 0 0 1 | =] -1
2 2 1l -2] | 2|
-1 -2 —17[7-27 [-27
T(@)=|-1 0 0 2 | =] 2
2 2 1JLo] Lo ]
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-1 -2 -1 0 0
T(#)=| -1 0 0 1 | =10
2 2 1 -2 0

Now, we need to convert all of these to coordinate vectors relative to .
Normally, to do this, we need to find coefficients a, b, ¢ € R such that av; +
bUy + cUs = & where ¥ is any vector in R3. However, we can do these
quickly by inspection. Note that T'(¢1) = —t}, T(vy) = s, and T'(¥3) =
0. Thus, we have the matrix B for the linear transformation 7" relative to the
basis B.
-1 0 0

B =[[T(#)]s [T(@)s T@)]s]=| 0 1 0
0 0 O

This new matrix B is also a matrix representation for 7', and from this, we
can see quickly that 7" is neither one-to-one nor onto. We can also identify
that v5 € Ker T and that dim Imag T = 2. But where did this new basis
come from? You’ll have to wait a bit to find out, but we’ll get there.

4 2 1
Exploration 93 Let A = 4 6 3 | and define T: R® — R3 by
-8 -8 —4

T (%) = AT for any ¥ € R3. Just like in the example above, find a new matrix
B that represents 1" with respect to the basis

1 —2 0
B=qv = 1 Uy = 2 , U3 = 1
-2 0 -2

Section Highlights

» Every linear transformation on a finite dimensional vector space can
be represented by a matrix. The matrix representation depends on
the bases chosen for the domain and codomain. See Theorem 3.5.2

» If7T: R™ — R™ is a linear transformation, then the matrix

A=[T(e)---T(en)]
is called the standard matrix for 7. This matrix is the matrix for
which T' = T'4. See Theorem 3.5.1.

» If 7: V — V is a linear transformation and B = {#1,...,7,} is a
basis for the vector space V, then the matrix for 7" with respect to 5
is given by

(T(@)]g - [T(0)]g] -
See Theorem 3.5.2.
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Exercises for Section 3.5

3.5.1.Using the standard bases for R™ and P,,, find a matrix A such that T'(Z) = AZ for each of the following

linear transformations:

(@) T: R? — R? defined by

T il A + 3z3
2 o Zo +4Z‘3
T3

(b) T: Py — R* defined by

ag + 3as

a1 —a

T(ag + a1z + axx®) = 1a 2
2

ai

(c) T: R?® — R? defined by

X1 X1
T T2 = )
z3 T3

(d) T: Py — R* defined by

a1

2 ap — az
T(ag + a1z + azx®) = a
2

aj

(e) T: R? — R® defined by

1 + 372

0
(2)-| .
*2 2x1 4+ x2
4.’131—5$2

(f) T: P3 — R* defined by

a1 + as
ay — az +4a3

2a0 + ag
aq —+ a9 —+ as

T(ag + a12 + aga® + aza®) =

(g) T: R* — R? defined by

T1

T To :|: $1+3(L’2+£L’4 :|
T3 4x1 — dx9 + T3
Ty

(h) T: P3 — R? defined by

T(a0+a1x+a2x2+a3x3) _ { ag — ay +as ]

3a1 — 2as + 4ag

3.5.2.Let T: P3 — P; be defined by T'(az® + bz? + cx +d) = (b — a)z + (¢ — d).

(a) Using the standard bases for P3 and Py, find the matrix representation A of 7.

(b) Find Ker A and Col A.

(c) Use your answers to part b) to find Ker 7" and Imag T'.

3.5.3.Let T': P3 — P, be defined by T'(az® + bz + cx +d) = (a — ¢)z? + (b — d)x + (¢ — a).

(a) Using the standard bases for P5 and P, find the matrix representation A of 7.

(b) Find Ker A and Col A.

(c) Use your answers to part b) to find Ker T and Imag T'.
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3.5.4.Consider the subspace
—2y — 3z
H= Y ry,z€R
z

of R3. (This is the plane determined by the equation = + 2y + 3z = 0.)

(a) Find a basis for H.
(b) Define a linear transformation 7' : R? — R3 that has Imag T = H.
(c) Find the matrix representation A for T with respect to the standard bases of R? and R3.

3.5.5.LetT: R? — R? by
(D=1
i) 21‘1
(a) Using the standard basis for R?, find a matrix A such that T'(%¥) = AZ.

(b) Using the basis B = { [ 1 ] ; { ? } } for R?, find a matrix B such that [T'(Z)]; = B [Z]5. That

is, find the matrix representation of 7" relative to the basis B.

3.5.6.Suppose T : R?* — R? is the linear transformation defined by
1 1
A()=T0] (L )= (] o)) -3 ]
0 0 1
Find the matrix for T with respect to the standard bases of R? and R3.
3.5.7.Suppose T" : Po — P is the linear transformation defined by
TA+z)=1—-2 T(x)=1-z+2> T(1+2%) =1
Find the matrix for T" with respect to the standard basis of P5.

3.5.8.Ricky has affixed a picture of Bubbles onto the square in R? whose vertices are (0,0), (1,0), (1,1), and
(0,1). He decides this is much too small, and he prefers that Bubbles faces the other direction.

(a) Find the linear transformation 7': R? — R? that makes the picture of Bubbles ten times bigger and
reflects the image across the vertical axis. In particular, determine 7'(€7) and T'(€5).

(b) Find the matrix A that represents T with respect to the standard basis of RZ.

3.5.9.Bubbles has now also affixed a picture of Ricky onto the square in R? whose vertices are (0,0), (1,0), (1,1),
and (0, 1). He would like to find a way to animate his picture by rotating around the origin.
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(a) Find the linear transformation 7': R? — R? that rotates the picture 45° counterclockwise, keeping
the bottom tip at (0, 0). In particular, determine 7'(€1) and T'(€3).

(b) Find the matrix A that represents 7" with respect to the standard basis of R?.
(c) Let ¥ = Aé;. Find AZ. (Repeatedly applying A would give the animation Bubbles was looking for.)

3.5.10.Fix an angle § € [0,27), and let T: R? — RR? be the linear transformation that rotates vectors about the
origin by 6 radians (counterclockwise). Find the matrix A that represents 7" with respect to the standard basis
of R2.

3.5.11.Suppose T : R® — R? is the linear transformation defined by

X 2x1 + 4a2
T T2 = 2x9 4+ x3
T3 0

For each basis B; below, find the matrix representation for 7" with respect to B;.

(17 [17 [ 0 ]
(@) By = L{,l01},| -1
L1 ] 1] [ 1 |
17 27 [ 1 7
(b)BQZ 1 70 y -1
L1 ] L1 L 1 |
17 [ 1 1
(c) Bs = 2 |, 0 | —1
1 -1 1

Note that this basis is orthogonal. Use this to simplify the computations.

3.5.12.Suppose T' : P, — Ps is the linear transformation defined by
T (ag + a1z + a2$2) = (ap+a1) + 3as2?.
For each basis B; below, find the matrix representation for 7" with respect to 5;.

@ By ={l+z1—z2%}
b) Bzz{l,l—az,x—kxz}
© 83:{1+1‘,1—l‘+$2,1‘2}

3.5.13.Prove Theorem 3.6.1.
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3.6 More Fun with Linear Transformations

Now that we have a fun and convenient way to represent our linear transfor-
mations with matrices, we should go back and think about all the things we’ve
learned about linear transformations. Some things become a bit easier in the
context of matrices, so we’re devoting this section to understanding what we
can learn about a linear transformation from its matrix representation.

Kernel and Image of a Matrix

Let V and W be vector spaces (with dim V' = n and dim W = m), and let
T:V — W be a linear transformation. Fix bases By and By, for V and
W respectively, and using Theorem 3.5.2, let A € M., «,, be the matrix that
represents 1" with respect to these bases. To be clear,

A= [T(@)]sy - [T(Un)]sy] and T(0) = Alt]s

\4
where By = {¥1,...,0,}.

Recall from Example 3.5.4 that the matrix A determines a linear transforma-
tion T4 : R™ — R™ defined by T'4(0) = Av for any ¢ € R™. This trans-
formation differs from 7" since we are not assuming V' is R"”, only that it is
isomorphic to R™ under the coordinate mapping. Using the isomorphisms we
get from the coordinate mappings ¢p,, and ¢pz,, , we have the following com-
muting diagram:

v T ow

PBy J/ J/ PBy
Ta

R?" —— R™

With all of these maps in hand, consider
Ker A = {# € R": A7 = (}.

This is something we can compute from the matrix A. By the definition of T4,
this subspace of R™ is Ker T'4. Its image under the inverse of the coordinate
mapping ¢p,, is then Ker T'. Thus, the representation A can identify a set in
R™ that is isomorphic to Ker 7" in V, but it also actually identifies the exact
kernel of T in V' when the subspace is tracked back through the coordinate
mapping. This is best illustrated by an example.

Example 3.6.1 Let 7: P, — R? be defined by
0
= | 7Y |.

We showed a similar function was linear in Example 3.2.5, and T here is
also a linear transformation. It is also not hard to check that Ker T is the
set of polynomials in P, with O for the constant term. We want to show here
that using the basis B = {22, z, 1} for V, we have

Ker T = {p€Py: T(p) =0} = {pc Pa: A,z = 0}.
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According to Theorem 3.5.2,

For any polynomial 5 = az? + bz + ¢ € Py, we have

a
[17]3: b |,
c
so we must solve the equation
1| a
- 0 01 0
34 A = = .
&) Pl =0, or {000_ b [0]

From computing the matrix multiplication, we have

c| |0 |

0] o]
Thus, ¢ = 0 while a and b are free to be any real number; that is, the solution
to Equation 3.4 is

a
b | eR3:¢c=0
c

This set of coordinate vectors corresponds to the set of vectors in Ker 7' C
Ps.

While we can use different bases to get different matrix representations for 7',
they all identify the same set of vectors in V' that 7' maps to 0. Because of this,
we choose not to feel guilty about the following slightly abusive notation:

Ker T = Ker A.

Indeed, for future reference, Ker A will refer to the kernel of the linear trans-
formation 7" which A represents.

Exploration 94 Let T: R? — R? be defined by T(7) = A7 for any 7 € R?

where
A 00 1 .
0 1 -1 |

Find Ker T by finding all vectors & such that

Mo
. |0 0 1 |0
Ax{()ll] To {O}

T3

Exploration 95 Let T: P, — Py be defined by T'(a+bx+cz?) = (b—a)+ax
for any a+bx+cx? € IPy. Find the matrix A that represents this transformation
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relative to the bases {22, x, 1} and {x, 1}.

You should have gotten an A that looks very familiar. What is Ker A? How
does this translate into finding Ker T°?

Definition 3.6.1 Let A = [@y - dy] € Myyxn. The column space of A,
denoted Col A, is the span of the column vectors d; for 1 < j < n. That is,

Col A =Span{d,...,dn}.

Exploration 96 Find Col A where

00 1
A[o 1 1]'

Theorem 3.6.1 Let V' and W be vector spaces with bases By =
{V1,...,0,} and By = {Wy,...,W,,}, respectively. Let T: V — W
be a linear transformation with matrix representation A € M, . Then

Col A = {[i]z,, € R™: & € Imag T'}.

Simply put, this theorem says that Col A is Imag T as coordinate vectors
relative to By, . This will provide us with an easy way to describe Imag 7.
The proof of this theorem is similar to that of Theorem 3.6.10 at the end of
this section, so we do not include it here.

Again, because of this, we choose not to feel guilty about this other slightly
abusive notation:

Imag T = Col A.
For future reference, Col A can be thought of as the image of the linear trans-
formation T" which A represents.

Example 3.6.2 Define 7': Py — P by taking the indefinite integral of
vectors in IP; and using zero for the constant of integration. That is, for
P = a + bz, we have

1
T(p) =T(a+ bzr) = ax + ibIQ € Ps.

Since a and b are arbitrary real numbers, we see that Imag 7' is the set of
vectors in P, with zero as a constant term.



KERNEL AND IMAGE OF A MATRIX 220

Using the standard bases B; = {1,z} and By = {1, z,2?} for P; and P,
respectively, we have from Theorem 3.5.2 that [T'(p)] 5, = A [p], , Where

1 0 O
A= [Ty, T@)s,] = [mgz 5 ] -1 o
B2 0 1/2
Then Col A is (by definition) the span of the vectors
0 0
61 = 1 and C?g = 0
0 1/2
Since Imag T is the set of all vectors in [Py with zero as a constant term, we
have
0 0
{[plg, €R*: pecImag T} = Sa| 1 |+b| 0 |:abeR
0 1

= Span {52,53} = Span {61762},
where €; are the standard basis vectors in R3. This is precisely what we
were told by Theorem 3.6.1:

Col A = {[pl, € R3: j € Imag T}.

We get some very useful results for A immediately. We’ll state them for linear
transformations from R™ to R™ for simplicity of notation, but be aware that
these results hold for general vector spaces as well.

Theorem 3.6.2 Let A be the matrix such that the linear transformation
T:R™ — R™ is given by T'(Z) = AZ. Then T is one-to-one if and only if
the columns of A are linearly independent.

PROOF. The columns of A are linearly dependent if and only if there are

scalars (not all 0) ¢q,...,c, such that cyd; + ---cp,d, = 0. This is true if
and only if
C1
AG=1d,---dn)| : | =0
Cn

Then we have a nonzero vector ¢ € Ker A. By Theorem 3.3.1, this is true if
and only if 7" is not one-to-one. g

Example 3.6.3 As we saw in Example 3.6.2, the linear transformation
T:P; — P, given by taking the indefinite integral of vectors in P; and
using zero for the constant of integration has matrix representation (with
respect to the standard basis)

0 0
A=1[1 o0
0 1/2

Since the columns of A are linearly independent, we have from Theorem
3.6.2 that T" is one-to-one.
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Theorem 3.6.3 Let A be the matrix such that the linear transformation
T:R™ — R™ is given by T'(Z) = AZ. The linearly independent columns
of A form a basis for Imag T.

PROOF. Let # € R™, so T'(¥) is an arbitrary vector in Imag T'. Since

T(f) =A% = 2101 + -+ Tplp,

it follows that # € Span{d,...,@,}, so Imag T C Span{di,...,d,}.
Now pick i € Span{d1,...,dn}, S0y = ¢1dy + - - - + ¢, dy, for some scalars
c1,...,Cy. It follows that
C1
y=ldi---d,) | : | =Ac
Cn

soy € Imag T. Thus, Span {d,...,d,} C Imag T,soSpan {dy,...,d,} =
Imag T'. The result then follows from Theorem 2.1.2, the fact that a subset of
a spanning set is a basis. d

Corollary 3.6.4 Let A be the matrix such that the linear transformation
T:R"™ — R™ is given by T(Z) = AZ. Then T is onto if and only if the
columns of A span R™.

Example 3.6.4 Define the linear transformation 7: R? — R3 by T/(%) =
AZ, and

0 0

A=1]11 0

0 1/2
Since the columns of A fail to span R, we have from Theorem 3.6.3 that
Imag T has dimension two. Since R3 has dimension three, it is not possible
that Imag T = R3, so by Theorem 3.1.1, T is not onto.

Exploration 97 Define the linear transformation 7': R® — R3 by T'(F) = AZ,

and
1

1 0
A=1]11 1 1
1 1 1
Is this linear transformation onto?

Exploration 98 Suppose V and W are vector spaces with the property that
dimW > dimV. Let T: V' — W be a linear transformation. Use Theorem
3.6.3 and an argument similar to the one in the example above to explain why
T is not onto.
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Subspaces Induced by Matrix Representations

Not only do matrices allow us to discover more about our favorite subspaces
generated by linear transformations, they naturally generate some new sub-
spaces we’ve not yet discussed. Before we get to those, though, there’s another
tool we’ll need.

Definition 3.6.2 Let A € M, . The transpose of A, denoted AT, is the
matrix in Mo, ., derived from A by making the jth column of A into the
jth row for each 1 < j < n.

Example 3.6.5 Let
1 4 1 2 3
A=1| 2 5 and B=|0 4 5
3 6 0 0 6
Then
1 00
AT:[i 2 2} and BI=|2 4 0
3 5 6

Theorem 3.6.5 Let A, B € M,,,xn and o € R. Then
» (A+B)T = AT + BT,
» (aA)T = AT, and
> (AT)T = A

PROOF. These are obvious.®’ O

Corollary 3.6.6 Let T : M, «n — M. «m be the function that relates any
matrix A € Mpxn to AT € Mysm. Then Tr is a linear transformation.

Exploration 99 Let T : M, — My, «pm be the linear transformation that
relates any matrix A € M, x,, to AT € M,, .. Find a matrix representation
for T'r when m = 3 and n = 2 using the bases in Figure 3.5.

Hint: The answer is

o O = O O O
O = O O O O
_ o O O O O

S O O O o
[N eNeNel =
o O O = O O

37: @ Prove it!
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10 0 1 0 0
B3y = oof|,loo0of,|1 0],
0 0 0 0 0 0
0 0 0 0 0 0
o 1|,]0oo0l,]00
0 0 10 0 1
5 B 100 01 0 00 1
X3 000’00 o000 ’
00 0 00 0 00 0
toofl'lo1ol|’lo o1

Figure 3.5: These are basis for M3y 2 and M2 3

Speaking of rows of a matrix,

Definition 3.6.3 For a matrix A € M., «xn, let 7; be the vector formed from

the ith row of A for each 1 < i < m. The row space of A, denoted Row A,
is the span of these row vectors. That is,

Row A = Span{7,...,7m}.

Theorem 3.6.7 For a matrix A € M, «n, Row A is a subspace of R™.

PROOF. This follows from Theorem 3.6.3 by taking the transpose of your
matrix. O

Now for something really cool. We have fun subspaces of domains and co-
domains for linear transformations (the kernel and image, respectively), but
what about the rest of the domain and codomain? You would not be shocked
to find that the orthogonal complement of the kernel is a subspace of the do- -
main®®, and the orthogonal complement of the image is a subspace of the 38: This is even isomorphic to the
codomain (Theorem 2.4.2). What is surprising is that these orthogonal com-  image from a theorem in Section 3.3.

plements are also given by the matrix representation for the linear transforma-
tion. Behold!

Theorem 3.6.8 Let A be the matrix such that the linear transformation
T: R™ — R™ is given by T(Z) = AZ. Then

Ker A= (Row A)" and Imag A = (Ker AT)L .

See Figure 4.3 for some geometric intuition.

PROOF. Let A = [a;5]forl <i<mandl < j<m,let7forl <i<m
be the row vectors of A, and let @; for 1 < j < n be the column vectors of A.
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Then
T e Ker A
& AF=0
& rdy+ -+ xpd =0
a11 a1n 0
< I +t g =
Am1 Amn 0

S xiai + o+ xpa,, =0forl <i<n
& -1, =0forl <i<n.
Thus, ¥ € Ker A if and only if it is orthogonal to every row of A. Since

Row A is the span of the rows of A, the result follows. A similar argument
proves (Ker AT)L = Col A. O

Exploration 100 Consider the matrix
00 1
A= .
[ 01 -1 ]

We spent some time earlier considering Col A and Ker A. Find Row A and
Ker AT,

Check that the claims of the theorem line up as expected.

Corollary 3.6.9 Let A be the matrix such that the linear transformation
T:R"™ — R™ is given by T(Z¥) = AZ. Then

dom (T) = Ker A@Row A and codom (T) = Imag A & Ker A,

T

0 Q A KeiAT/ 0
Row A Col' A

FIGURE 3.6. Some people refer to this as “the splits” of
dom (7") and codom (7).
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At the beginning of this section, we spent some time relating Ker A to Ker 7.
Let’s state this formally and prove it.

Theorem 3.6.10 Ler V' and W be vector spaces with bases By =
{V1,...,0,} and By = {Wy,...,W,,}, respectively. Let T: V — W
be a linear transformation with matrix representation A € M, .. Then

Ker T= {7 €V: A[i]z, =0}

PROOF. Suppose 7 € Ker T, so T(Z) = 0, and there are weights a1, ... ,an
such that ¥ = a1¥; + - - - + a,, 0y, that is,
ai
[f]zgv =
an

By Theorem 3.2.2, the coordinate mapping is a linear transformation, so it
maps the zero vector to the zero vector. Thus T'(Z) = 0 if and only if
T(D)]g,, = 0. Moreover, since T and the coordinate mapping are both linear,

[T(ar@ + - + an®y)]g,, = 0
& a1 [T(B)lg, + -+ an [T(T)]g, =0

ay

Qp
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Exercises for Section 3.6

3.6.1.n Define the linear transformation 7': R — R3 by T'(¥) = A%, and

A:

— = Q

1 0
1 1
1 1
For what values of « is this an onto linear transformation?
3.6.2.Prove Theorem 4.4.8. That is, let A, B € M,,,x,, and a € R. Prove
(@) (A4 B)T = AT + BT,
(b) (aA)T = aAT, and
(©) (AT)T = A.

3.6.3.Let T: P3 — Py by T'(ax® + bz? + cx + d) = (b — a)x + (¢ — d). Using the standard bases for P3 and
IP;, find the matrix representation of 7" and use this to find Ker A and Col A. What are dim Ker AT and
dim Row A?

3.6.4.Let T: P3 — Py by T(ax® +bx? +cx +d) = (a — c)x? + (b—d)z + (c — a). Using the standard bases for
P3 and Po, find the matrix representation of 7" and use this to find Ker A and Col A. What are dim Ker AT
and dim Row A?

3.6.5.Determine by inspection of the columns whether these matrices correspond to transformations that are one-

to-one.
(2 1
(a) 1 2
|1 1
[2 0 0 1
(b) 0 0 -1
|1 0 1 0
[2 1 07
|0 2 0
L1 0 1 ]
(2 1 07
0 2 0
@ 1 01
L0 0 0 ]

3.6.6.Determine by inspection whether these matrices correspond to transformations that are onto.

2 1
@ | 1 2
11
(2 0 0 1 1
(b) 001 -1
1 011 0
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3.6.7.Let A be any n x m matrix. Prove (Ker AT)L = Col A.

3.6.8.Find Ker A, Row A, Col A, and Ker AT when A is the matrix below.

(2 1 0
121

(a)

(b)

(©)

-1

o

—_ o O

= = O
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3.7 Applications of Linear Tranformations

Computer Graphics and Animation

See the picture of Ricky’s beautiful unicorn hooves in Figure 3.7. Yes, Ricky
likes to wear zebra leg warmers.”” A single vector would be a reasonable
model”’ of Ricky’s leg if unicorn legs did not bend. However, since Ricky has
both knees and ankles, we should use three vectors; again, see Figure 3.7.

FIGURE 3.7. There are unicorn feet to the left and a vector
impression of a unicorn leg to the right. The middle vector
is dashed to simulate Ricky’s beautiful zebra leg warmers;
they’re arranged to suggest a very horse-like galloping mo-
tion.

Our goal here is to animate our picture of Ricky’s leg; more specifically, we
will animate the vector representation of Ricky’s leg. What should this entail?
We should be able to translate, rotate, and scale the image. In this context,
scaling might be weird. Legs usually stay the same size, but perhaps uni-
corns have some strange, little-known, femur-stretching powers. All kidding
aside, scaling is actually extremely useful in images to give the impression that
something is getting nearer or farther away. That’s three things we’ll need to
do then: translation, rotation, and scaling.

When animating an image using a computer, sometimes it’s better to use a
vector (to represent a unicorn femur, for example), and sometimes it makes
more sense to use a point (to represent a hoof, for example). For the entirety
of this book, we’ve used different types of brackets or fonts to indicate whether
something is a point or a vector. Since it’s relatively difficult to explain this
distinction to a computer, an additional component is often added to the vec-
tors; we put a 1 in that component if our object is a vector and a 0 if it’s a
point. For example,

39: & Doesn’t everyone?

40;@ As we’ll see, it’s actually a
very reasonable model.
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x
x
The vector ¥ = | y is g=|"
z
z BN
o
. - . |y
The point v = (z,y,2) is v =
z
L 0 ]

Since vector convention has vectors rooted at the origin and leg convention has
bones connected to other bones, we need to translate our second and third leg
vectors so they are appropriately attached to the preceding leg vector. This is
another handy*' feature of the point/vector distinction; they allow us to trans-
late our vectors in space. If you are concerned that translation is not a linear
transformation, your concern is very well placed. Any translation by a nonzero
vector is not a linear transformation. Oh, hey. We should prove that.

Exploration 101 Let A € M,,«,, and let ¥ € R™ be nonzero. Define
T:R"™ - R™ by T'(¥) = AZ+ 9. Show that T is not a linear transformation.

Looks like we’re gonna need a new definition.

Definition 3.7.1 An affine transformation is a linear transformation com-
posed with a translation.

To avoid ambiguity, when doing an affine transformation, we will use the point
notation for the translation part of the transformation.

Example 3.7.1Let M € M,,«n, and let b be a point in R™. Then
T: R" — R™ by T(¥) = MZ + b is an affine transformation. More-
over, T is a linear transformation if and only if b is the point at the origin.
Lastly, it’s important to note that the “+4” in the equation is not vector addi-
tion; b isn’t even a vector! The duplicitous plus, in this very specific context,
indicates simply to “do translation by b when you’re done with your matrix
multiplication by M.”

Let’s get back to vector unicorn legs. See Figure 3.8. Note that the vector ¢+ f
is not attached to the end of f, it’s way too long, and it’s pointing in the wrong
direction. However, the translated vector i+ f has none of the aforementioned
problems. Hooray for affine transformations!

Now we can do translations; that was the hard part. We’ve actually done
rotation already; see Exercise 3.5.10 in Section 3.5. Indeed, to rotate a vector

41: ‘é No pun intended. Seriously!
We promise!
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FIGURE 3.8. The shin bone { is connected to the thigh bone
f The thigh bone f is connected to the hip bone (not pic-
tured). We have chosen the letters “f” and “t” for femur
and tibia because we don’t know anything about biology, no
one knows anything about unicorn biology, and couldn’t be
bothered to do a quick internet search.

7 € R? counterclockwise around the z-axis by an angle 6, we multiply

T cosf) —sinf 0 O

. Y sinf cosf 0 O
= b

R y 0 0 10

1 0 0 0 1

The last row and column are there to accommodate our vector/point notational
convention. More generally, if we’d like to rotate a vector 7 € R? counter-
clockwise around an arbitrary unit vector « by an angle 6, we multiply

x

="

z

1

by
cos + u3(1 — cos ) uyts(l — cos @) —ussin®  wjuz(l — cos) + ugsind
uyus(l — cos ) + ug sin cos f + u3(1 — cos ) usug(l — cos @) — uy sinf
urug(l — cosf) —ugsin®  uguz(1l — cosf) + uq sin b cos O + u3(1 — cos )
0 0 0

That’s not hard to verify, but it is pretty gross and annoying.

The only thing remaining to do is scaling, and this, like rotation, is a linear
transformation, so it can be represented as a matrix transformation.

Exploration 102 Let a, b, c € R and T': R?® — R3 by scaling the first coordi-
nate of vectors by «a, the second coordinate by b, and the third coordinate by c.
Find a matrix representation for 7'.

= o O O
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Alright! We now have a way to do translation, rotation, and scaling of our
vector model of Ricky’s leg. This is gonna be great. As we decided earlier,
our vector model of Ricky’s leg has three vectors, but now we label them
carefully using affine transformations so that they are appropriately connected
to each other. For example, since we want £ to connect to the end of vector f:
we use an affine transformation to translate it to the end of f, giving us ¢ + f.
Similarly, to appropriately place @, we use @ + ¢t + f; see Figure 3.9.

Let A, B, and C be rotation matrices that rotate vectors counterclockwise
about the origin by 61, 05, and 05 radians respectively. If we use A to rotate
f by 6 radians, we must according rotate the translation parts of each affine
transformation we used that involved f However, we might also want ¢ to
move, so we could apply B to ¢ and the translation parts of each affine trans-
formation we used that involved ¢. Lastly, we can apply C to the little ankle
vector a@. Again, see Figure 3.9. By appropriately moving the angles 61, 05,
and 03, we can make this vector leg gallop (or spin in wildly unnatural ways if
so desired).

In practice, we would then construct three more vector unicorn legs and use
translations to place them on a vector unicorn body. At this point, we leave
it to the professionals, but we know, by the power of linear algebra, we could
do it were we so inclined. In the late 1970’s and early 1980’s many video
games used just vectors to create “graphics” of tanks and asteroids and the
like. More recently, carefully rendered, realistic images are associated to each
vector. Indeed, we could overlay Ricky’s zebra leg-warmer covered tibia over
the vector %, and that would be a significant improvement for realism’s sake
over the blue vector. Again, we leave this to the professionals.

t+ Af

V2 Cd+ Bt + Af
Q+t+f a+t+Af

t+ f

Figure 3.9: Various transformations of various leg vectors

Bt + Af





